Additive hazards Markov regression models
illustrated with bone marrow transplant data

By YOUYI SHU
Centocor, Inc., 200 Great Valley Parkway, Mailstop C-4-1, Malvern,
Pennsylvania 19355, U.S.A.
yshu@cntus.jnj.com

AND JOHN P. KLEIN
Division of Biostatistics, Medical College of Wisconsin, Milwaukee,
Wisconsin 53226, U.S.A.

klein@mecew.edu

SUMMARY

When there are covariate effects to be considered, multistate survival analysis is domi-
nated either by parametric Markov regression models or by semiparametric Markov regres-
sion models using Cox’s (1972) proportional hazards models for transition intensities between
the states. The purpose of this research work is to study alternatives to Cox’s model in a
general finite-state Markov process setting. We shall look at two alternative models, Aalen’s
(1989) nonparametric additive hazards model and Lin & Ying’s (1994) semiparametric ad-
ditive hazards model. The former allows the effects of covariates to vary freely over time,
while the latter assumes that the regression coefficients are constant over time. With the
basic tools of the product integral and the functional delta-method, we present an estimator
of the transition probability matrix and develop the large sample theory for the estimator
under each of these two models. Data on 1459 HLA identical sibling transplants for acute

leukaemia from the International Bone Marrow Transplant Registry serve as illustration.
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1.  INTRODUCTION

In many clinical and epidemiological follow-up studies, subjects may experience events
of multiple types. For example, a patient recovering from a bone marrow transplant for
leukaemia may fail therapy because of one of several terminal events, such as death in
remission, relapse or simply death. As the patient recovers, intermediate events may occur
that have an influence on the eventual prognosis, such as the return of the patient’s platelets
to a ‘normal’ level, the development of various types of infection and the occurrence of acute
or chronic graft-versus-host disease.

A natural way to model complex experiments of this kind is to use a multistate model.
Figure 1 shows a simplified diagram of the recovery process as previously explored by Keiding
et al. (2001). Here, for illustrative purposes, we only consider four events: acute graft-versus-
host disease (A), chronic graft-versus-host disease (C), death in remission (D) and relapse
(R). These four events are modelled by a six-state model with two absorbing states, D and
R, and four transient states, Tx, which stands for transplantation, A, C and AC, which
stands for both A and C. Note that relapse is treated as an absorbing state since patients
who relapse are typically considered as failures of the treatment, and that chronic prior to
acute graft-versus-host disease is not biologically possible. Our interest centres on predicting

the probability that a patient will be in one of the six states at some time after transplant.

[Fig. 1 about here.]

Multistate models have traditionally been represented by Markov models which assume
that the transition rates depend only on the current state of the patient and not on the
patient’s history. When there is no covariate, Aalen & Johansen (1978) showed how counting

process methods can be used to estimate transition probabilities.



When there are covariates which may affect the rate of transition from one state to
the next, a number of Markov models have been proposed in the literature. These include
parametric models for the transition intensities (Begg & Larson, 1982; Kalbfleisch & Lawless,
1985; Marshall & Jones, 1995; Alioum & Commenges, 2001; Pérez-Océn et al., 2001) or
semiparametric Markov regression models where transition intensities are modelled by the
Cox (1972) proportional hazards regression models (Andersen, 1988; Andersen et al., 1991;
Klein et al., 1993; Klein & Qian, 1996; Andersen et al., 2000). In this paper, we focus on
the semiparametric case. For convenience, the semiparametric proportional hazards Markov
regression model will be called the ‘Cox Markov model” in the sequel.

Two versions of the Cox Markov model have been suggested. The first, due to Andersen
& Gill (1982) and Andersen et al. (1991), fits a distinct Cox model to each of the transition
rates. Hereafter we shall refer to this version as the ‘Andersen-Gill Cox Markov model’.
In the bone marrow transplant example, this model entails eleven separate Cox regression
analyses. These regression analyses are then synthesized to obtain estimates of the transition
probabilities.

Klein et al. (1993) suggested fitting a Cox model to each of the events with indicator-type
time-dependent covariates used to model the timing of the intermediate events that precede
the event of interest. Their model, which essentially assumes proportional hazards for all
transitions into the same event, is a special case of the Andersen-Gill Cox Markov model and
will be referred to as the ‘Klein-Keiding Cox Markov model’. In the bone marrow transplant
example this approach requires the fitting of four Cox models. The transition probability
estimators and their asymptotics for this model can be found in Klein & Qian (1996).

Recently, Aalen et al. (2001) suggested an alternative to the Cox model in this setting;
see also the 2001 unpublished Medical College of Wisconsin Ph.D. dissertation of Y. Shu.

They suggested that the transition intensities be modelled by Aalen’s (1989) additive hazards



regression models rather than Cox’s proportional hazards regression models. They briefly
touched upon the asymptotics of the estimators of the transition probabilities.

In this paper, we discuss the use of Lin & Ying’s (1994) additive hazards regression model
for the transition intensities. This model, as opposed to Aalen’s (1989) model, assumes that
the regression coefficients are constant over time. It is flexible enough to allow analogues of
both the Andersen-Gill and Klein-Keiding models in the additive regression settings. It has
a further advantage over both the Cox and Aalen (1989) models in that the estimates of the
regression coefficients have a closed-form solution.

The remainder of the paper proceeds as follows. In § 2, we describe Markov processes and
introduce the powerful tool of the product integral. In § 3, we present three additive hazards
Markov regression models, namely, the Aalen Markov model, the Andersen-Gill Lin-Ying
Markov model and the Klein-Keiding Lin-Ying Markov model. The first two are analogues
of the Andersen-Gill Cox Markov model, and the third one is an analogue of the Klein-
Keiding Cox Markov model. For each model, we present the synthesized estimators of the
transition probabilities and the asymptotics of the estimators. Proofs of the asymptotics are
found in the appendices. The results of fitting various Markov models to the bone marrow

transplant data are reported in § 4. We conclude with some discussion in § 5.

2. MARKOV PROCESSES AND THE PRODUCT INTEGRAL
Suppose that observations are made on a group of individuals who independently move
among k states, denoted by 1,... k, according to a nonhomogeneous, time-continuous
Markov process {I'(t), ¢ > 0} having k x k transition intensity matrix a(t) = {an;(t); h,j =
1,...,k} with diagonal elements ayu(t) = — ;. an;(t), and having transition probability

matrix P(s,t) = {Py;(s,t); h,j =1,...,k} with (h, j)th element

Frj(s,t) = pr{['(t) = j[I'(s) = h}, s <t.



Conditioning on the initial states, for n conditionally independent replications of this process,
subject to quite general censoring patterns, the multivariate counting process N (t) = {Np;(1);
h # j}, with Nj;(t) counting the number of observed direct transitions from state h to
state 7 in [0,¢], has intensity process A(t) = {An;(t); b # j} of the multiplicative form
i (t) = Yi(t)an;(t). Here Yy () < n is the number of sample paths observed to be in state
h just prior to time ¢.

We define Ay;(t) = [y an;(u)du for all h, j. The cumulative transition intensities Ay;(t)

(h # j) can be estimated by the well-known Nelson-Aalen estimators

Ahj(t) = /Ot %

where Jy(t) = I{Yx(t) > 0} with I(-) being the indicator function. The transition proba-
bilities Pp;(s,t) depend on the transition intensities ay; through the Kolmogorov forward

differential equations, whose solution may be represented as the matrix product integral (Gill

& Johansen, 1990)

P(s,t) = TU{I + dA(u)},
(s:1]
where A(u) = {A;(u)} and [ is the kx k identity matrix. Aalen & Johansen (1978) exploited
this relationship to estimate the transition probability matrix by
Ps,1) = T0{1 +dAw)}, (1)
(s.1]
where A(u) = {A;(u)} with diagonal elements Ay, (u) = — > ith Ap;(u).

When there are covariates to be adjusted for, we assume that each transition intensity
api(t; Z;) (h,j =1,...,k, h# j) from state h to state j in a Markov process for individual
i (i =1,...,n) with a vector of fixed-time covariates Z; follows a given regression model.
Our interest lies in predicting the transition probabilities Py;(s,t; Zy) for individuals with a

given vector of fixed-time covariates, Z;. These estimates are obtained by replacing A(t) in

(1) with A(t; Z), an estimate of A(t; Z), obtained from the regression model.

>



The large sample properties of the transition probability matrix estimator P (s,t; Zy) =
{Phj(s, t; Zo); h,j =1,...,k} can be found for Markov regression models with the aid of the

following lemma.

LEMMA 1. Let 7 be a model-dependent upper bound of the time interval for which as-
ymptotic results are desired. Let s,v € [0,7) with s < v. Assume that the matriz-valued
estimator A(, Zo) 1s of uniformly bounded total variation, with probability tending to 1, over
(s, v], and that n*/? [T d{ A(u; Zy) — A(u; Zo)} converges weakly on [s,v] to a limiting process

U(+; Zy). Define, fort € [s,v],

P(s,t; %) = TU{I + dA(u; o)}, Pls,t; %) = TU{T + dA(u; %) }.

(s,t] (s,t]

Then n*2{P(s,-; Zy) — P(s,; Zy)} converges weakly on [s,v] to the process

/IP(SaUﬁZo)dU(U% Zo) P (u, -5 Z).

S

Moreover, we have
A t N
n'*{P(s,t; Zo) — P(s,t; %)} é/ P(s,u—; Z) d{nl/Q(A — A)(y; Zo)}P(UﬂZ Z),

where = denotes ‘asymptotically equivalent’; that is, convergence in probability to zero of the

supremum norm of the difference.

Proof. This is easily proved by the compact differentiability of the product integral (Gill
& Johansen, 1990, Theorem 8) and by applying the functional delta-method (Andersen et

al., 1993, Theorem I1.8.1). O

The rather condensed notation of matrix product integral may not be so illuminating.
In many cases it is possible to write out explicit expressions for the transition probability
estimates Phj(s,t; Zo). This is the case with our six-state bone marrow transplant model,

see Fig. 1, as demonstrated in the following example.



Ezample 1. For the bone marrow transplant example, the estimated cumulative transi-

tion intensity matrix is, with ¢ and Z; suppressed for ease of exposition,

[ _12112_12113_12115_12116 A 12112 R A13 AO 1{115 /:116 1
0 — Aoy — Ags — Agg X 0 X Ay 1‘}25 /}26
A= 0 0 —Aszs—Asg . 0 . 1‘}35 {136
0 0 0 —Ays—Age Ags Ags
0 0 0 0 0 0
i 0 0 0 0 0 0 |

Let J denote the set of all possible transitions, that is,
J ={12,13,15,16, 24, 25, 26, 35, 36, 45,46 }.
Then the sixteen nonzero transition probability estimates are

ﬁhh(s,t;zo):ﬂ'{1— 3 dAhj(u;Zo)}, h=1,234;

(s:t] jii>h, hi€T
Dyj(s.t; Zy) = /: Pun(s,u—; Z) dAy;(u; Zo), hj = 35,36,45, 46;
pgj(s, t: Zo) = /: pQQ(S, u—; Zp) {d/le(u; Zo) + ]34j(u, t; Zo) dflm(u; ZO)} , j=25,6;
phj(sat; Zy) = /st Pun(s, u—; Zo)lﬁ (u, t; Zy) dAhJ(u Zy), hjy =12,13,24;

~ t . ~ ~
P14(=5‘7t§ Zo) = / Pn(S, U—; ZO)P24(U7t§ Zo) dA12(U§ Zo)%

Pl] S, t Z() / P11 U—, Z()) {dAlj(U, Z()) + pgj(u, t, Z()) d/ilg(u, Z())

+ P3j(U7 t; Zo) d1413(u; Zo)} , j=D5,6.

At this point, a few words about these transition probability estimates are in order,
for some of these quantities are of particular interest and will be illustrated in § 4. For
example, given that individuals with fixed covariates 7, were initially in state 1 at time 0,
]31j (0,t; Z) (j =1,...,6) is the estimated probability of being in state j at time ¢. Here, in
particular, 1515(0, t; Zp) and 1516(0, t; Zy) are the estimated probability of death in remission
at time ¢ and the estimated probability of relapse at time t, respectively. The estimated

leukaemia-free survival function is given by 1 — Py5(0,t; Zy) — Pig(0,t; Z).
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3. THE MODELS

3-1.  The Aalen Markov Model

Consider a group of n individuals indexed by i = 1,...,n, each with a (p + 1) x 1 time-
fixed covariate vector Z; = (1, Z,...,Zy) . Define the counting process Ny;(t) (h,j =
1,...,k, h # j) to be the number of direct transitions from state h to state j observed for
individual 7 in the time interval [0,¢]. Let ay;(¢; Z;) be the transition intensity from state h

to state j for individual ¢, and let
Yy:(t) = I(the dth individual is observed to be in state h just prior to time t).

Then, under independent censoring, Ny;;(t) can be uniquely decomposed as
t
Nhji(t) = /0 Yhi(u)&h]’(u; Zl)du + thi(t),

where M},;;(t) is a local square integrable martingale.

The Aalen Markov model assumes that each transition intensity a;(t; Z;) follows an

Aalen (1989) additive model:

anj(t; Zi) = Brjo(t) + Brjn(t) Zin + - + Bujp(t) Zip,

hj=1,....k h#j i=1,...,n,

where Opjw(t), w = 0,1,...,p, are unknown regression functions; note that if a covariate
has no effect on the intensity of the h — 7 transition then the regression function for that
covariate is set to a constant value of 0. This formulation of the model was initially presented
in Aalen et al. (2001), and had been independently studied in Y. Shu’s dissertation.

Let Nyj(t) = (Npji(t), -+ Nugn(t)) T, By () = (Brjo(t), Buji(8), s Bugp(t)) T Let Yi(t)

be the n x (p + 1) matrix with ith row, i = 1,...,n, given by

Yhz(t)(l, Zila oy Zzp) = (Yhiw(t)a w = 0, 1, e ,p)



Aalen (1989) showed that the vector of cumulative regression functions By;(t) = fy B (u)du

may be estimated by

B®) = [ ) (T ) Vi) )™ Y @aNig(w), b

where Jj(t) is the predictable indicator of Y}, () having full column rank, with the assumption
that p+1 < n.
For individuals with given fixed covariate vector Zy = (1, Zo1, . .., Zop) ', their cumulative

intensities for the h — 7 transition are estimated by
Ang(t: Z0) = Z) Brg(t),  h# . (2)

Thus, if we define
Ahh(t; Zo) :_ZAhj(t; Zo), hzl,...,k’,
i#h
then the transition probability matrix P(s,t; Zy) = {Pr;(s,t;Z); h,j = 1,...,k} is esti-

mated by the product integral, cf. § 2,

p(87t; ZO) = ﬂ-{] + d/Al(u, ZO)}: (3)

(s,t]
where A(t; Zy) = {An;(t; Zo)}.
The asymptotic properties of the estimator P(s,t; Zy) = {Ishj(s,t; Z0); hyg =1,...,k}

are given by the following theorem.
THEOREM 1 (The Aalen Markov model). Let

T:sup{u:/u|ﬁhjw(ﬂ)|dﬂ<oo, h,jzl,...,k‘,h%j,w:O,l,...,p}
0

and let s,v € [0,7) with s <wv. Then, under reqularity conditions (see Appendiz 1), we have
the following:
(i) the process n**{P(s,-: Zy) — P(s,; Z)} converges weakly on [s,v] to a zero-mean

Gaussian process;



(i) cov{Prnj(s,t; Z), Pp(s,t; Zo)} (s <t < v) can be estimated uniformly consistently

by

cév{fjhj(s, t; ZO), pmr(sa t; ZO)}

¢ ey ~(mr
=33 | EGP (st Z) S (us .t Z)

9=11#g"*

x 2 Jy(u) { Y () Yg(U)Y1 Y, (u) diag{dNy(u)} Y (u) { Y, (u) Yy(u)}

o, (4)

A

where Fg(fj)(u; 5,1, Z0) = Prgls,u—; Zo){Py(u,t; Zo) — Py(u,t; Z)}, and diag(p) for an n-

vector p is the n X n diagonal matrix with the elements of p on the diagonal.

3-2.  The Andersen-Gill Lin-Ying Markov model
An alternative to Aalen’s (1989) additive hazards model is Lin & Ying’s (1994) additive
hazards model. This model assumes that the regression coefficients do not depend on time,

so that the transition intensities are modelled by
Oéhj(t, Z’L) - ath(t) +5}TJZZ7 ha] - 17 - '7k7 h 7£ j7 1= 17 Rz

where Z; = (Zu,...,Ziy)" is a p-vector of time-fixed covariates, asjo(t) is an unspecified
baseline intensity for the h — j transition, and f3,; is a p-vector of unknown regression
parameters for the h — j transition.

Let Nyj(t) = iy Niilt), Ya(t) = Sy Yai(t), Zu(t) = iy Yui(t) Zi/ Yi(t). For a p-
vector a, let a®? denote the p x p matrix aa'. Lin & Ying (1994) showed that the estimator

of B),; can be written explicitly as
A n oo _ -1rn  roo _
By = | [ Vil (% = Za()} du] X [T~ Zu(w)} dNigi(w)
i=1 i=1

. . . . . ) A 1 a-1 ~ 4+-1
with variance-covariance matrix consistently estimated by cov(f,,;) = —Q;, Vj;€, , where
n

G, = - }jj/om Yai(u) {7 — 7 (u)}2 du,

n;3

10



A 12 00 _
V== /0 (% — Z(u)}®* dNyji(w).
i=1
Furthermore, the cumulative baseline hazard function, Ayjo(t) = [§ anjo(u)du, can be esti-

mated uniformly consistently by
~ ~ ¢ th (u) t_ T
Apjo(t, th) = 0 Tju) - {/0 Zh(u)du} 511]'- (5)

To estimate the transition probability matrix P(s,t; Zy) for individuals with given fixed

covariate vector Zy = (Zo1, ..., Zop) ', we let
~ o N AT ]
Ahj(t; Zo) = Ath(ta 5hj) + whjZO, h # j.

Then P(s,t; Z) is again estimated by the product integral in the manner of (3).

The asymptotic properties of the estimated transition probabilities are found in the fol-

lowing theorem.

THEOREM 2 (The Andersen-Gill Lin-Ying Markov model). Let

T:SUP{UI/ apjo(t)du < oo, h,jzl,...,k,h;«éj}
0

and let s,v € [0,7) with s <v. Then, under reqularity conditions (see Appendiz 2), we have
the following:

(i) the process n*?{P(s,-; Zy) — P(s,; Zy)} converges weakly on [s,v] to a zero-mean
Gaussian process;

(ii) cov{Py;(s,t; Z), Pr(s,t; Z0)} (5 < t < v) can be estimated uniformly consistently

by
cov{Pui(s,t; Z0), Prar(s,t; Zo)}

= 33O (5.1 Zo)} Teov(By) Q™ (5, 1 Zo)

g=11#g
S (mr dN, l(u)
+ZZ/ F(h] (u; s, t, Zo)ES™ (uy s, t, Zo)—22
g=11#g ! {Y;J(U)}Q

11



LS~y o) Tg L [f 4= Z(W) pnny |
+ Z Z{le (s, 20)} 9, Fy (w;s,t, Zo) dNgii(u)
N g=11#g i=1 s Yy(u)
gi=
1 & " A(mr a—1 tZi__(u)Ah'
oSN s s )}, [ E TR R s b, %) dNi(w),(6)
M g=11#g i=1 s Y(u)

where

~

F;fj)(u; s, t, Zy) = Phg(s, U—; ZO){]ADU(U, t; Zo) — Pyj(u, t; Zy) },

gl

(1) A 7
Q.7 (s,t; Zy) = / Ey (s s,t, Zo){ Zo — Zy(u)} du.

3-3.  The Klein-Keiding Lin-Ying Markov Model

The two additive hazards Markov regression models presented in the previous subsec-
tions require that an additive hazards regression model be fitted to each of the transition
intensities. An alternative approach, in the spirit of Klein et al. (1993), is to fit a distinct
additive regression model to each event with time-dependent indicators for the intermediate
events. In the bone marrow transplant example, see Fig. 1, this approach fits a model to
acute graft-versus-host disease, a model to chronic graft-versus-host disease with a time-
dependent indicator for acute graft-versus-host disease, and models to relapse and death
in remission with time-dependent indicators for acute and chronic graft-versus-host disease.
The model for each of these regressions is taken to be a Lin & Ying (1994) additive model
with fixed regression coefficients. Here, we will not consider the Aalen (1989) model which
turns out to produce estimates identical to those of the Aalen Markov model of § 3.1.

To formulate the general finite-state Klein-Keiding Lin-Ying Markov model, we assume
that an individual is at the risk of having any one of the events in a set £. This set consists
of both the intermediate and terminal events. In our bone marrow transplant example,
E={AC, D,R}.

As in Example 1 of § 2, we let J denote the set of all possible transitions. In the

bone marrow transplant example, J = {12,13,15, 16,24, 25,26, 35, 36,45,46} has eleven

12



elements. For any event X € &, we define J(X) as the set of transitions into event X that
are possible. We call the transitions in J(X) ‘X-transitions’. In our example, J(A) = {12},
J(C) ={13,24}, J(D) = {15,25,35,45} and J(R) = {16, 26, 36,46}. Obviously, we have
J = Uxee I (X).

For any event X € &, we define the ancestor set A(X) as the set of intermediate events
that may happen prior to the occurrence of the event X. In our example, we have A(A) = (),
the empty set, A(C') = {A} and A(D) = A(R) = {A,C}.

Let Z; = (Za, ..., ZZ-Z[,)T be the vector of fixed-time covariates that may have an influence
on any event in £ for individual ¢ and let T'y; be the occurrence time of event X (X € &) for
individual ¢. For simplicity and for notational ease, we assume, for the moment, that there

is no interaction effect. Then
-
Zslt) = (27 AT(Ti < 1), X' € A(X)}) (7)

will be the ith individual’s full covariate vector used in modelling the hazard rate for event
X. Define the counting process Nx;(t) to be the number of X events observed for individual
i in the time interval [0,¢]. Let ax{t; Zx;(t)} be the hazard rate of the time to event X for

individual 7, and let
Yxi(t) = I(the ith individual is at risk of event X just prior to time ¢).
Then, under independent censoring, Nx;(t) can be uniquely decomposed as
Nx(t) = /Ot Yi(uw)ax{u; Zxi(u)} du+ Mx;(t),

where Mx;(t) is a local square integrable martingale.

The Klein-Keiding Lin-Ying Markov model assumes that, for each event X, the hazard

rate ax{t; Zx;(t)} follows a Lin & Ying (1994) additive model:

ax{t; Zxi(t)} = axo(t) + BxZxi(t), X €& i=1,...n, (8)

13



where axo(t) is an arbitrary baseline hazard function for event X and f(y is a vector of
unknown regression parameters for event X. Conforming to (7), we may write Sy =
(B;X, {Bxx, X" € A(X)})T, where [,y is a vector of risk coefficients for the fixed-time
covariates Z; for the event X; note that if a fixed-time covariate has no effect on the timing
of event X then the risk coefficient for that covariate is set to 0. Also, Bx/x is the risk
coefficient for the effect of the occurrence of event X’ on the time to event X. Then (8) can

be rewritten more explicitly as

ax (t; Zi, {[(TX/’L < t),X/ € A(X)})

= axo(t) +ﬁ;XZi + Z BxxI(Txn <t), Xe& i=1,...,n. 9)
X'€A(X)

Since, for each gl € J(X), at any time ¢, state g determines the value of all the indicator
functions {I(Tx,; < t), X" € A(X)} by definition, we can define the hazard rate for the
X-transition gl by

ag(t; Z;) = axo(t) + Bx Zyi,
where Zy; = (ZZ-T, {I(Tx; <t), X" € AX )})T, a fixed X-transition-specific covariate vector
for individual i composed of the fixed covariates plus the vector {I(Tx,; < t), X' € A(X)}

of 0’s and 1’s determined by state g.

Ezample 2. In the bone marrow transplant example, £ = {A, C, D, R}, so we fit four
separate Lin & Ying (1994) additive hazards models, one for each of the four events A, C,

D and R. For illustrative purposes, let us look at the event D only. Then model (9) means
ap{t; Z;, I(Ta; < 1), 1(Te; < 1)} = apo(t) + BrpZi + BapI(Ta; < t) + BopI(Tei < t), (10)

which implies that

ous(t; Z) = apo(t) + BrpZs

aos(t; Z;) = apo(t) + BrpZi + Banp (11)
ass(t; Z;) = apo(t) + BrpZi + Bop

aus(t; Z;) = apo(t) + BrpZi + Bap + Bep-

14



Model (9) assumes that the fixed-time covariate vector Z; has the same regression coef-
ficients By for all the X-transitions. This condition may be relaxed by including in the
model interaction terms between the fixed-time covariates and the time-dependent indicator

covariates.

Ezample 3. In Example 2, the four D-transitions, 1—5, 2—5, 3—5 and 4 — 5, have the
same covariate effects for Z;, cf. (11). This assumption could be easily relaxed by fitting a
model for the event D with interaction effects as follows. Define Z;(t) = [(Ta; < t, Ty > t),
Zoi(t) = I(Ta; > t, Tey < t) and Zaci(t) = I(Ta; < t, Te; < t). Then an alternative model

o (10) is

ap{t; Zi, Zai(t), Zci(t), Zaci(t)} = apo(t) + BisZi {1 — Zai(t) — Zei(t) — Zaci(t)}
+ Bos ZiZai(t) + Bas ZiZci(t) + Bas ZiZaci(t)

+YapZai(t) + vepZei(t) + vac.pZ aci(t),

which leads to

aus(t; Z;) = apo(t) + 157

aos(t; Zi) = apo(t) + BasZi + vap
ass(t; Z;) = apo(t) + B35 Zi + Yep
aus(t; Z;) = apo(t) + ﬁlr,Zi + Yac,p-

Let NX (t) = Z?:l NXz(t)u Yx(t) == E?:l YXz(t)y Zx(t) == E?:l YXZ(t)ZXZ(t)/Yx(t) Lin &
Ying (1994) showed that the estimator for 3y, the vector of regression parameters in model

(8), can be expressed explicitly as

By = [f; /0 T Yes(u){ Zcslu) — T (u) V52 du]_l [i /0 T Zxiw) = Zxc(w)} dNxa(w) |,

the variance-covariance matrix of which is consistently estimated by cov(3y) = —Q VX Q Xl
n
with
~ 1 oo
O =—> | Yxi(w{Zxi(u) = Zx(w)}** du
i=1



A 12 00 _
Vx = =3 [ {Zaiw) = Zx(w)}** dNxi(w)
i=1
Furthermore, the cumulative baseline hazard rate for event X, Axo(t) = [i axo(u)du, can

be estimated uniformly consistently by

. - t dNx(
Asalt. 60 = [ T2 { [ Ze(wan} b (12)
0 YX
For individuals with given fixed covariate vector Zy = (Zo1,. .., Zop) ', their estimated

cumulative intensities from state g to [, Agl(t; Zy), are given by

Ag(t; Z) = Axo(t,ﬁx)+tﬁ;Zglo, if g # 1 and gl € J(X) for some X € &;
o 0, if g# 1 and gl ¢ J.

These estimators are again substituted into (3) to obtain the estimator for P(s,t; Z).

We have the following result about the asymptotic distribution of the estimated transition

probabilities.
THEOREM 3 (The Klein-Keiding Lin-Ying Markov model). Let

T:sup{u:/uaxo(ﬂ)dﬂ< 00, X 65}
0

and let s,v € [0,7) with s <v. Then, under reqularity conditions (see Appendiz 3), we have
the following:

(i) the process n*?{P(s,-; Zy) — P(s,-; Zy)} converges weakly on [s,v] to a zero-mean
Gaussian process;

(ii) cov{Py;(s,t; Z), Pr(s,t; Z0)} (5 <t < v) can be estimated uniformly consistently

by

Cév{phj(‘g? t? ZO): pmr(s, t, Zo)}

= S QU (5,5 Zo)} Teov(By) QL™ (s, t; Zo)

Xee
mr dN
+ > F(h] (u; s, t, Zo) ™ (uy s, t, Z())$(u)2
Xee s {Yx(u)}
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1 " (b t Zxi Zx (1) ~(mr
+5 Z{ )(?])(S:tQ ZO)}TQX / X(Q x( )F)(( )(US s, t, ZO)dNXz’(u>
Xegi=1 s x (u)
1 - A(mr ¢ Z % Z W) ~(hj
+ =SS QU (5,8 )Y Ty / X(Y> ) 509 45,1, Z0) dNi(w),  (13)
N xecei=1 5 x (u)
where

F)((hj)(u;s,t,Zo)— > th (u; s, t, Zy),
gle J(X)

(hJ S t ZO / Z H(?])(u S, t Zo){ lO_ZX( )}} du7

S gleg(X

H(h])(u; s, t, Zg) = Phg(s, u—; ZO){]ADU(U, t; Zo) — ng(u, t; 7o)}

gl

4. EXAMPLE

We return to the bone marrow transplant example. A dataset of 1459 patients receiving
an HLA-identical sibling bone marrow transplant between 1988 and 1996 was drawn from
the International Bone Marrow Transplant Registry data base. Of these, 1081 patients were
treated for acute myeloid leukaemia and 378 for acute lymphoblastic leukaemia. All patients
were transplanted in the first remission of their disease, 267 (18.3%) died in remission and
217 (14.9%) relapsed. A total of 418 (28.7%) patients developed acute graft-versus-host
disease and 407 (27.9%) developed chronic graft-versus-host disease. For each patient, a
number of fixed-time covariates were recorded, such as the patient’s and the donor’s age and
sex, Karnofsky score and the time from diagnosis to transplantation.

The purpose of this example is to illustrate the methodology we have developed, and
not to attempt a thorough analysis of the data. Here we shall consider only two covariates,
AGE and SEX-MATCH, of which AGE is a 0-1 binary variable with 1 indicating that the
patient is more than 28 years old. The four combinations of recipient-donor SEX-MATCH
are represented by three indicator variables for the instances of ‘male patient, female donor’,

‘female patient, male donor’ and ‘male patient, male donor’. We fitted the three additive
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hazards Markov regression models of § 3, the Aalen Markov model, the Andersen-Gill Lin-
Ying Markov model and the Klein-Keiding Lin-Ying Markov model with full interaction
effects, as exemplified in Example 3 of § 3. For comparison, we also fitted the two proportional
hazards Markov regression models, the Andersen-Gill Cox Markov model and the Klein-

Keiding Cox Markov model, also with full interaction effects.

We focus on predicting outcome for a male patient aged over 28 years with a female donor.
Table 1 reports the estimates and associated standard errors of the chance the patient will
be in one of the six states at 100 days, 6 months, 1 year and 2 years post-transplant for each

of the five models.

[Table 1 about here.]

In Fig. 2(a), we compare the predicted leukaemia-free survival function, i.e., the chance
of not being in state 5 or 6, for the five models. Figure 2(b) shows the standard errors from

the five models.

[Fig. 2 about here.]

We see from Table 1 and Fig. 2(a) that the probability estimates under the two Lin-Ying
Markov models are pretty similar, as are the probability estimates under the two Cox Markov
models. In fact, all the five models yield reasonably comparable results except at right-hand
tails, where there are fewer data and greater variabilities. However, away from the tails, the
precision of the probability estimates based on the two Lin-Ying Markov models seems to be

higher than that based on the other three models, as is evident from Table 1 and Fig. 2(b).

Remark. In order not to make asymptotic arguments unwieldy, Theorems 1-3 impose
slightly stronger sufficient conditions, such as condition (c¢) in Appendix 1 and the condition

pr{Ysi(u) =1 for all u € [s,v]} > 0 in Appendix 2. For the bone marrow transplant data,
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such conditions are not satisfied for states h # 1 when s = 0. However, we believe that the
asymptotic distributions for Plj(s,t; Zpy) given in our theorems will continue to hold even

when s = 0.

5. DISCUSSION

For Aalen’s (1989) model, the effects of the covariates are functions of time rather than
single parameter values as in the Cox model and the Lin & Ying (1994) model. Although
being capable of providing detailed information concerning the temporal influence of each
covariate, Aalen’s (1989) model is more limited in the number of covariates it can handle
in practical data analysis. Note that, as opposed to a step function from a Cox model or
an Aalen (1989) model, the estimated cumulative baseline hazard function from a Lin &
Ying (1994) model is piecewise continuous, or, to be more precise, piecewise linear with a
slope not necessarily of zero between any two adjacent follow-up times if there are no time-
dependent covariates or only indicator-type time-dependent covariates when present, with
jumps at event times only; cf. (5) and (12). Thus the Lin-Ying Markov model, in either of
its two forms, usually gives a much smoother fit to the data than do the Cox Markov models
and the Aalen Markov model. This explains why the probability estimates based on the two
Lin-Ying Markov models tend to have smaller standard errors, as found in § 4.

The estimated survival curves from the three additive hazards Markov regression models
shown in Fig. 2(a) are not necessarily monotonically decreasing, as it is obviously the case
with the curve from the Aalen Markov model. This is a consequence of a drawback of the
additive hazards models: in neither Aalen’s (1989) model nor Lin & Ying’s (1994) model is
the hazard rate constrained to be positive. Nevertheless, in practice, this is seldom a serious
disadvantage, since the monotonicity property is usually only slightly violated in a small

neighbourhood of some time points. A simple remedy for this problem is to do monotone
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smoothing using the so-called ‘pool-adjacent-violators algorithm’ (Barlow et al., 1972, pp.
13-5). In our bone marrow transplant example, we could have easily done that, but we leave
it as it is, to show that the lack of monotonicity is minimal. Indeed, an estimated survival
curve with substantially increasing sections would probably indicate a lack of fit, since in
theory the estimator is uniformly consistent for the true survival function.

McKeague & Sasieni (1994) proposed a more versatile additive hazards model in which
the influence of only a few covariates varies nonparametrically over time, and that of the
remaining covariates is unchanging. In a finite-state Markov process, if we assume each tran-
sition intensity follows a McKeague & Sasieni (1994) model, then we add to our multistate
survival models family another new member: the ‘McKeague-Sasieni Markov model’. It is
emphasized that our unifying approach to Markov regression models using the basic tools of
the product integral and the functional delta-method is easily extended to this model.

Finally, note that the regression modelling assumptions made in these models are testable
assumptions. For example, Shen & Cheng (1999) provided graphical methods for assessing
the appropriateness of Lin & Ying’s (1994) regression model. A number of techniques are
also available for checking the fit of the Cox model or the fit of the Aalen (1989) additive
model (Klein & Moeschberger, 1997). Klein & Moeschberger (1997) showed how one can
distinguish between the Andersen-Gill and Klein-Keiding models in the proportional hazards
framework. Y. Shu’s dissertation shows how their methods can be adapted to the additive

hazards framework.
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APPENDIX 1

The Aalen Markov model

To study the asymptotics of the Aalen Markov model, we assume regularity conditions
similar to those given by Example VII.4.4 of Andersen et al. (1993), with slight modifications

to suit our multistate modelling setting. In particular, we assume that

E{ sup Yii(u )|le|}<oo, h=1,....,k, w=1,...,p,

u€ls,0]
and that the covariates are linearly independent.
Recall from § 3.1 that Yio(u) = Yii(u) and Yi(u) = Yai(u)Ziy for w = 1,...,p.
Then, by the same arguments as in Example VII.4.4 of Andersen et al. (1993), the following

conditions similar to those for Theorem VII.4.1 of Andersen et al. (1993) hold true.

(a) For h = 1,...,k and w,w’,w” = 0,1,...,p, there exist continuous functions Rﬁllu)},

R( L and Rhww . defined on [s, v] such that as n — oo

1 n
sup |— Z Yhiw(u) — R&)J(u)

uw€ls,] | TV ;=

sup Z Yhzw Yhzw ) Ri(Lwa ( )

u€ls,w] | T

sup Z Yhzw Yhzw )Yhiw”( ) Rhww Tw! ( )

u€ls,w] | T

(b) For h=1,...,kand w=0,1,...,p,

sup  |Yniw(u)| — 0 in probability, as n — occ.
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(c) For each h = 1,..., k, the matrix R}(Lz) (u) = {R(z)

(W) wow' =0,1, ... ,p} is nonsin-

gular for all u € [s,v].

Before moving to the proof of Theorem 1, we first review in a lemma some key asymptotic

results of Aalen’s (1989) additive hazards model for classical two-state survival analysis.

LEMMA Al. Let g,l € {1,...,k} and g # . Define My(u) = (Mg (u), ..., My, (u))".
Then, under conditions (a)—(c) above, we have the following:

(i) W2 [ A B(u) — By(w)} 2 n72 Iy (u){ B2 ()} Y (0)dMy(w), for t € [5,0];

(it) n'/? [ d{By(u) — Byu(u)} converges weakly on [s,v] to a zero-mean (p + 1)-variate
Gaussian martingale, the variance-covariance matriz of which can be estimated uniformly

consistently by

n [, {3, () V() Y, () diag{dNu(u)} ¥y (w) { ¥, () V() s

(iii) n'/? [ d{Agy(u; Zo) — Agi(u; Zo)} converges weakly on [s,v] to a zero-mean Gaussian
process, Uy (+; Zo) say, the variance function of which can be estimated uniformly consistently
by

-1

n / 2y T(w) LY () Yy ()} Y, () ding{dNp ()} Yy () { Y, (w) Yy ()} Z.

Proof. Parts (i) and (ii) follow straightforwardly from the proof of Theorem VII.4.1 in
Andersen et al. (1993, pp. 576-7), whose proof is based on that of Huffer and McKeague

(1991). Part (iii) is trivial in view of Part (ii) and equation (2). O

Proof of Theorem 1. (i) Let U(;Zy) = {Uqu(:; Z0); g, =1,...,k} be a k x k matrix-
valued process, where, for g # [, the Uy(; Zy) are independent zero-mean Gaussian processes

as given by Lemma A1(iii), and Ugy(; Z0) = — Xz, Uni(+; Z). Then n'/? [ d{A(u; Zy) —
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A(u; Zo)} converges weakly on [s,v] to U(:;Z). It follows from Lemma 1 that

n'2{P(s,-: Zy) — P(s,; Zy)} converges weakly on [s,v] to the zero-mean Gaussian process
/8. P(s,u—; Zy) dU (u; Zo) P(u, - Zy).
(ii) From Lemma 1, we also have
n(Bls,t; Z) — P(s.t: %) £ [ P(s,u Zo) d{n (A - A)(u; %) }P(ut; %),

Multiplying both sides on the right by the inverse of P(s,t; Zy) = P(s,u; Z)P(u,t; Zy), we

obtain

nt/? {13(8, t; Zo0)P(s,t; Zo) ™' — [} = /: P(s,u—; Zy) d{nl/Q(/Al — A)(y; ZO)}P(S, u; Zo) !
(A1)

Let P(s,u; Zy)™! {P’”(s u; Zo); h,j =1,. k} and let
F59(us 8, Zo) = Pug(s,u—; Zo){PY (s, u; Zo) — P9(s,u; Zy)}.

Denote the (h,7)th entry of n'/2 {Is(s,t; Zo)P(s,t; Zy) ™t — [} by 5,(3)(5,15; Zy). Then, from

(A1), by applying Lemma A1(i), we have

ll=

k t R '
€t 20) £33 / Pag(s, u—: Zo)d {n"*(Ay — Ag)(us Z0)} P9 (s, u; Z)

M= 1Mw ||Mw IIMw

/ F(hj) (u; s, Zoy) d{n1/2(Agl — Ay)(u; ZO)}
Li#g

; / FS9) (u; 5, Zo)d [0/ 2 { By(u) — By(u))]

II=

Z / F(us s, o) 22, (w) { B2 ()} Y, (w)dMy(u).  (A2)
1l#g

Note that the expression on the right-hand side of (A2) is a martingale integral, where

the M (-) are orthogonal n-variate martingales with optional variation processes given by

[My](-) = diag{ Ny (-)}. Therefore,

cov {f,(g-)(s, t; Zo), 5,(72‘2 (s,t; ZO)}
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%chov[/ EUD (us s, Z0) Zg = Ty ) {RO ()} ¥ (w)d My (),

1

/ F;lmr) (u; 8, Z0) Zy 02T, (w) {Rf) (u)}_ YgT(u)dMgl(u)]

Mw

E</ F(h] (u; s, Zo) F(lmr)(u;s,Zo)

i
o
5
<Q

x 23— gy(u) (R @)} Y, ) M) Yy {RP ()} %)

Il
Mw

t .. ~
EVS Fg(lh])(u; s, ZO)F;lmr)(u; s, Zo)

11

)
Il
e

<Q

< 27 gy (B @) Y] () diag (N ()} V() (RO @) 7). (43)

For g # 1, let Cy denote the k x k matrix with element (g,!) equal to 1, element
(g9,9) equal to —1, and the rest equal to zero. Then F;lhj)(u; s, Zo) is the (h,j)th entry of

P(s,u—; Zo) CyP(s,u; Zy)~*. It follows from (A3) that

cov { 1/2 {f’(s t; Zo)P(s, t; Zog) ™t — ]H

o ZZE[/ Vec{ (s,u—; Z) CuP(s,u; Zo)il}

g=11#g
x 7, %Jg(u) (R ()} ¥, (u) diag {dNyu(w)} Yy () {RP ()} 2y

x vec ' {P(s, u—; Zy) Cy P (s, u; ZO)_I}} . (A4)

Here, in line with Andersen et al. (1993, § IV.4.1.3), vec{W} for a k x k matrix ¥ stacks the
columns of ¥ on the top of each other into a k? x 1 vector, and we define the covariance
matrix of a £ x k matrix-valued random variable W as the ordinary covariance matrix of

vec{ W1}, i.e., as the k? x k? matrix
cov(W) = E ([vec{ W} — vec{ E(W)}] [vec{ W} — vec{ E(W)}] ).

Using equation (4.4.11) of Andersen et al. (1993, p. 291), (A4), and elementary properties

of the vec-operator and Kronecker products of matrices, we find that

cov {p(s, t; ZO)}
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= cov [[ {p(s, t; Zo)P (s, t; Zo) 'Y P(s,t; ZO)}
={P(s,t; Z)" ® I} cov { P(s,t; Z) P(s,t; Z) '} {P(s,; Zo) @ I}

—{PGrm) @1} L cov [012 {P(s,t; Z)P(s.t: )" — )] {P(s.t: ) 2 I} (A5)

o zk:ZE[/s vec {P(s,u—; Zy) CquP(u,t; Zy)}

g=11#g
1 -1 ) -1
X ZOTEJQ(U) {Rf) (u)} YgT(u) diag {dNy(u)} Y, (u) {Rf) (u)} Zo
x veeT {P(s,u—; Z) CyuP(u, 1; ZO)}]. (A6)
Now let Fg(lhj)(u; s, t, Zo) = Prg(s,u—; Zo){ P (u, t; Zy) — Pyj(u, t; Zy) }. Then the (h, j)th entry

of P(s,u—; Zy) CyP(u,t; Zy) is Fg(lhj)(u; s,t, Zp). It follows from (A6) that

o UF’” (s 5,1, Zo) F™ (s 5., Z)
9=117g
, -1
23 o) (RO @)} Y, (w) dig (N ()} Yol {RP (@)} 4],
which can be estimated uniformly consistently by (4). O

APPENDIX 2

The Andersen-Gill Lin-Ying Markov model

We assume that regularity conditions similar to those given by Kulich & Lin (2000,

Appendix 1) hold. In particular, pr{Y¥y;(u) =1 for all u € [s,v]} > 0,

E{ sup ‘th ®2(5}Tj21)2‘} < o0,

u€ls,v]
and Vj; == FE [fOOO{Zl — Zp(u) }®2 thjl(u)} is positive definite, for h,7 =1,....k, h # j.
Then by applying functional forms of the strong law of large numbers (Andersen & Gill,

1982, Appendix III), we have

%mmﬁﬁm»—zm )2 — i (u),  Zn(u) — en(u),
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all uniformly in u € [s,v] in probability, where

) (u) = B{Viu(w)}, 7)) = BV}, en(w) = (w)/m (u);
see Kulich & Lin (2000, Appendix 1) for a similar argument.

To prove Theorem 2, we need the following lemma.
LEMMA A2. Let g,l € {1,...,k} and g # 1. Define

Q= E| [ Ya(w{ - 2} du] . Ma(w) = Y- Mylw)

i=1

Then, under the reqularity conditions stated above, we have the following:

(i) "1/2(@1 — By) = Q2 i/ooo{zi — Zg(u)} dMgyi(u);
=1
(i) "1/2/ d{Aglo(u7Bgl) - AglO(U)} = —/S e, (u) du "1/2(@1 — Bg)

S

+ nt/? d]}\//[( () >, fort € [s,v];
(iii) nt/? /Std{flgl(u; Zy) — Ag(u; ZO)} = /:{ZO —eg(u)}’ dunlﬂ(ﬁgl — By
+ nt/? d]}\//[( () >, for t € [s,v];

(iv) n'? [ d{ Ay (u; Zo) — Ag(u; Zo)} converges weakly on [s,v] to a zero-mean Gaussian
process, Uy (+; Zo) say, the variance function of which can be estimated uniformly consistently

by
/{ZO— ()} du 'V, /{ZO W)} du

+2/{Z0 (W)} du sy, Z/{ ;‘(”)d ()

Proof. These are the basic asymptotic results that were either implicit or embedded in
Lin & Ying (1994). Full derivations of Parts (i) and (ii) are straightforward along the lines
of Kulich & Lin (2000, Appendix 2). Part (iii) is a direct consequence of Part (ii). Part (iv)
follows immediately from Part (iii) and Rebolledo’s (1980) martingale central limit theorem.

O
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Proof of Theorem 2. (i) Let U(+;Zp) = {Uyu(-; Z); 9,0l =1,...,k} be a k x k matrix-
valued process, where, for g # [, the Uy(; Zy) are independent zero-mean Gaussian processes
as given by Lemma A2(iv), and Uyy(:; Z) = — Y1y Unt(+s Zo). Then n'/? [ d{A(u; Zy) —
A(u; Zo)} converges weakly on [s,v] to U(:;Z). It follows from Lemma 1 that

n'/2{P(s,; Zy) — P(s,; Zy)} converges weakly on [s,v] to the zero-mean Gaussian process
/'P(S,u—;Zo)dU(U; Zo) P (u, -5 Z).

(ii) As in the beginning of the proof of Theorem 1(ii) in Appendix 1, from Lemma 1, we
may also derive (Al) in the current context.

Let P(s,u; Zy)™* {Ph](s u; Zo); hyg =1,. ,k‘} and let
Fyt (s 5, Z) = Pag(s,u=s Z){P (s, us Zo) = P¥/(s,u; Z)},

o to
Q;;U)(s,t; Zo) :/ F;f])(u;s,Zo){Zo — ey(u)} du. (AT)

Denote the (h,7)th entry of n'/2 {Is(s,t; Zo)P(s,t; Zy) ™t — [} by 5,(3)(5,15; Zy). Then, from
(A1), by applying Lemma A2 (i) and (iii), we have
k

k
(5,85 20) £ 35 [ Pagls,u—s Zo)d {n2(Ay — Agy) (s Zo)} PY (s, u; )

g=li=1"%

= Z/ F(hj)(u s, Zo)d {n1/2(121gl — Ag)(u; ZO)}

g=11#g
k
= Zlgj{Q('”)(s t; Zo)} 0 (B — By)
9= g
k
A(h) ), | 72 AMgi(u)
T [ s B S
o zk: i{@é s t; Zo)} T 1n*1/2/ {Z — Zy(u)} dMgyi(u)
g=1l#g =1

+ZZ§:/:F$”(U; s, Zo)nl/QW#l;(f). (AS)

g

Notice that in (AS8), the My;(-) are orthogonal martingales with optional variation
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processes given by [My;](-) = Ngi(-). Therefore,

cov {f}(g)(s t; Z), E)(s, t; ZO)}

S S SO0 (st Zo)Y 07" cov | /OOO{Zi—Zg(u)}dMgli(u)] LG (s, t: Z)

g=11#g i=1
M, M..:
—i—ZZZCOV{/ F(] (u; s, Zo)n 1/2d 9“ /F(mr u; s, Zo)n 1/2d glz(u>}
g=1l£g i=1 Y, (u)
Z S QN (st )} 0
g=11#g i=1
mr) dM, U
B -
k n
+ 3D QN (s, %)} O,
g=11#g =1
X COV [/ {Z: — Zy( / Fh] (u: 5, %) dMgzz‘(u)]
Yy(u)

=3 S HO e 12} O (/ {4 = 2w} dMyi)() ) 5 Q™ (5.8 )

g=11#g i=
FYYYE </ Fy (us s, Zo)FY™ (us s, ZO)%>

g=1l#g i=1
k n t 7. _ 7 ~
EY SO (s 1 2T, E{ 4 Blw) pown zo>d[Mgh-]<u>}
g=11#g i=1 s Yy(u)
e A (mr) To-1 ¢ Zs — Zy(u) )
YY1 )Yy E{ 4 Z4(W) i, ZO)d[Mgli](u)}
9=1l#g i=1 s Yy(u)
k
=3 SHQU (5.t Z0)y T V0 QY (5,5 Zo)
g=11#g
b (k) = (mr ndNg(u ]
+g§:j”¢gE / FUD (us s, Z) ES™ (us s, %) A
k n t 7 ~
+ Z{Q( (s, t; Zo)}'Qy 1E{ Zin;lmr)(u; s, ZO)ngli(u)}
g=1 g i=1 s Yy(u)
k n t 7. _ 7 o
PR ~;zm‘><s,t;Zo>}szg1E{ MF;fﬂ><u;s,zo>ngu<u>}. (A9)
g=11#g i=1 s Y(u)

Let Cy; be defined as in Appendix 1. Then F;fj)(u;s,Zo) is the (h,j)th entry of
P(s,u—; Zy) CuP(s,u; Zo)~'. Tt follows from (A7) and (A9) that
cov {nlﬂ {p(s, t; Zo)P (s, t; Zo) ' — ]H
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k
= Z Z/ vec{ P(s,u—; Zo) CyP(s,u; Zo) " H Zo — eg(u)} du Q1 V!
=1 i#g
X / {Zy — e4( (u)} vec " { P(s,u—; Z)) CaP(s,u; Z0) '} du

+ZZE[/S vec{ P(s,u—; Zy) CqP(s,u; Zo) '}

9=11#g
T . _1 nngl(u)]
vec s,u—; Zo) CaP(s,u; Z —
x vee {P( %) Cq P (s, u; Zo) }{Yg(u)}
+23° 55 [ veel Pls,us 2 CuP(s,u 20)  H o — ey(w)) T dugty’
g=11#£gi=1""%

< E [/t %Zj)(“) veeT{ P (s, u—; Zo) CyuP(s, s Zo) '} ngli(u)].

Using this result, (A5), and elementary properties of the vec-operator and Kronecker prod-

ucts of matrices, we find that

cov {}3(3 t; ZO)}

1
= Z Z/ vec{ P(s,u—; Zy) Cq P(u, t; Zo)}{ Zo — ey(u)} " du EQ; Va2,

g=11#g

X / {Zo — e,(u)} vecT{P (s, u—; Zy) CuP(u, t; Z)} du

—i—ZZEl/S vec{ P(s,u—; Zy) Cy P(u,t; Zo) }

g=11#g

X VecT{P(s, u—; Zy) CuP(u,t; Zo) } %]

+ % > Zznj/: vec{ P(s,u—; Zo) Cu P (u, t; Zo) H Zo — eg(u)} T du "

g=11£g i=1
t 7, — 7
X E[ Zi— 2% vec {P(s,u—; Zy) CuP(u,t; Zo)} ngzi(U)] . (A10)
. )
Now let

F;f”(u; 5,6, Zo) = Prg(s, u—;: Zo){ Py (u, t: Zo) — Py;(u, t; Zo)},
Q (s,t; Zoy) / F(hj) (w; s, t, Z){Zo — e4(u)} du.

Then the (h, j)th entry of P(s,u—; Zy) CuP(u,t; Zy) is F;lhj)(u; s,t, Zy). It follows from (A10)
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that

cov {Phj(s, t; Zo), Pmr(s, t; ZO)}

k
a j 1 — mr
= 2 : 2 :{Q;?])(Sv t; ZO)}T ﬁQg ' Vng Q( )(57 l; ZO)

g=11#g
k t dN,
—i—ZZE[/FhJ ustZo)F( )(ustZo)L(u)Q]
g=11#g {Y (U)}
Ay S0 sy o { [ AT o 1 20y aN )
n y 40 g s Y() Uu; 8,1, 4o gli\U
g=11#g i=1
+1§kj§j§nj{ 0 (5,8 Zo)} QN E 72()1?(’”’( 5,1, Zo) AN i)
n 0 Y( ) U/787 Y 0 glz U I
g=11#g i=1
which can be estimated uniformly consistently by (6). O

APPENDIX 3

The Klein-Keiding Lin-Ying Markov model

We assume that regularity conditions like those given at the beginning of Appendix 2

hold. In particular, pr{Yx;(u) =1 for all u € [s,v]} > 0,

B (s Vi 02 (025 2 0 < .

u€(s,v]
and Vy = F [fOOO{ZXl(u) — Zx(u)}®? dNXl(u)} is positive definite, for X € £. Then by the

same arguments as in Appendix 2, we have
Ly v Yyi(u)Z ¢ Z
n X( )_>7TX( )7 Z Xz Xz _>7TX( ) X(U)—>€X(U),

all uniformly in u € [s,v] in probability, where
() = E{Yxi(w)}, 7% (u) = E{Yx1(u)Zx:1(w)}, ex(u) =% (u) /¥ (u).
To establish Theorem 3, we start with the following lemma.
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LEMMA A3. Let X € € and let gl € J(X). Define

QX =F [,/0 YXl(U){ZXl(U) — Zx(u)}®2 du] s Mx(t) = ZMXz(t)
i=1
Then, under the reqularity conditions stated above, we have the following:
(i) ”1/2(32( — 0x) = Oy'n~!/? Z/O {Zxi(u) = Zx(u)} dMx;(u);
i=1
t . . .
(1) ”1/2/ d{Axo(Uaﬁx) - AXO(U)} = _/ ex(u) dun'?(By — Bx)

1/2 t dMX(u) X

t t—l—n s Ya(w) fort € [s,v];

(i) 0" [ d {Agus Zo) = Ap(us o)} = [ {Zyo = ex()} Tdun(Bx = By)
t dMx (u)

1/2 X .

+n V() fort € [s,v];

(iv) n*? [ d{ Ay (u; Zo) — Agi(u; Zo)} converges weakly on [s,v] to a zero-mean Gaussian

process, Uy (+; Zo) say, the variance function of which can be estimated uniformly consistently

by
ndN .
{YX X /{ gl0 — ZX }Tdu QX VXQX /{ 0 — Zx(u)} du
Z Ny
+2/{Zglo—zx N w3 [ i) = Zx(w) dNxi(u)
i=1"7°% YX(U)
Proof. Same arguments as in the proof of Lemma A2. O

Proof of Theorem 3. (i) Let U(+;Zyp) = {Uqu(-; Z); g, =1,...,k} be a k x k matrix-
valued process. Here, for g # [ and gl € UxesJ (X), the Uy (+; Zy) are independent zero-mean
Gaussian processes as given by Lemma A3(iv); for g # [ and gl ¢ J, Uyu(+; Z) = 0; and
U (-3 Z0) = — Y12g Ugt(3 Zo). Then n'/? [ d{ A(u; Zy) — A(u; Zy)} converges weakly on [s, v]
to U(-; Z). It follows from Lemma 1 that n'/2{P(s,-; Zy) — P(s, -; Z)} converges weakly on

[s,v] to the zero-mean Gaussian process

/. P(s,u—; Zo) AU (u; Zo) P (u, -5 Zo).
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(i) Again, as in the beginning of the proof of Theorem 1(ii) in Appendix 1, from Lemma 1,
we may also derive (Al) in the current context.

Let P(s,u; Zo) ™! = {P’w’(s,u; Zo) hj=1,..., k} and let

fl(hj)(u; S, Zo) = Phg(s,u—; Zo){ PV (s,u; Zo) — P9 (s,u; Z)},

gl
FD (uys, Z) = > HY(uss, Z), (A11)
gleJ(X)
O (s,; Zo) = / S [HY (s s, Z0){ Zyo — ex(w)}] du. (A12)
gleJ(X)

Denote the (h,j)th entry of n'/? {P(s,t; Zo)P(s,t; Zy) ™t — ]} by f,(g-)(s,t; Zo). Then, from

(A1), by applying Lemma A3 (i) and (iii), we have

k . ) |
f (CAOEDY Z/ Phg(s, u—; Zo)d {WI/Q(Agz — Ag) (u; Zo)} PY(s,u; Zy)
g=11=1""%
k to o .
Y / 99 w35, Zo)d {nV2 (A — Ag)(us Z0)
g=1l#g """

I
7\

SN b ) [ sz — Ag) s )

Xelgleg(X) g#l,gl¢T

S %[ s, ) — ex()} dun?(By ~ B

Ile

Xe€ gleJ(X)
dMx (u)
HhJ 7 \n1/2 X
+Xze:5gle%%)( / (v, Zo)n Y (u)
= Y {QY7 (5.t 20)} ' (B — By)
Xe€
hJ 1/2 dMx (u)
+Xz€:£ i F (u; s, Zo)n Y ()
£ 3 S QW 5. )Y [ ) = Zx(w)} dbfw)
Xe€i=1
h] / dMXZ(U)
+X§€jg§;/ F8D (4 s, Zy)n? S OR (A13)

Notice that in (A13), the Mx;(-) are orthogonal martingales with optional variation

processes given by [Mx;](-) = Nx;(+). Therefore,

cov {f,(g-)(s, t; Zy), €M (s, t; ZO)}
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&SSO st )T cov [ [T (2w = Zila) M) 051 Q5,15 2%

Xe€i=1

dMXi(“) t (mr) 1/2 dMXi(“)
+ cov /F (u; s, Z 1/27,/]7 w; s, Zo)n'/? —=2 2
PPOER Iy s AT

3 SO (5,1 A} TR

Xe€i=1

X cov [ [ Ztw) = 2wy b, [ FE s Zo)dzxyixéﬂ

Y SO s 1 Z)) 0

Xe€i=1

dMXZ( )]

X COV [/OO{ZXi(U) )} dMxi(u / F (5, %) Yx (u)

= ¥ 3O i A} TR S (/ (Zxi(u <u>}®2d[MX4<u>)

X Q_ Qer (s,t; Z)
+ZZE</ F$ (s 8, Zo) F™ (u; ,Zo)m)

Xe€i=1
+ X 30 st ) [ B R i

Xe€i=1

+ X 3@ sy st { [ 2 I m s it

Xe€ i=1 Yx (U)
= S {QV (5,1 Z)} TR Vi QY (s, 8 Zo)

Sy V FUD (w5, 20) B (s Zd%]

b X3y B [ B I pen s, zan

Xe€i=1

b3 Sy are{ [ 2 I im0 zyavo}. ()

Xe€i=1 YX(u)
Let Cy be defined as in Appendix 1. Then ]:];?j)(u;s,Zo) is the (h,j)th entry of

P(s,u—; Zy) CuP(s,u; Zo)~'. It follows from (A11), (A12) and (A14) that
cov [ 1/2 {13(5 t; Zo)P(s,t; Zo) ™! — [H

.3 / S° [vee{ P(s,u—; Z) Cu P (s, u; Z) " H Zyo — ex(u)} 7] du Q5 Vy Q3!

Xe&’S gleg(X)
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< [ % [{Zn — ex(w)} vee (Pls,u=s Z0)CuPls s Z) Y] du

leJ(X
£ |5 el 2P 27
Xeg gleg(X

. 4y ndNx(u)
X vec s,u—; Zp) CuP(s,u; Zy 7
e o i AN G s ) Ve

+2% Z/ S [vee{ P(s,u—; Zo) CuP (s, Zo) ™ H Zyuo — ex(u)} 7] du 25!

Xe€i=1"% gleJ(X)

ZXi( )_ X ) VeCT S U—: S. U -1 (u
. El/s YX(U) gle%%X) {P( 7 ’ZO)OglP( ’ 7Z0) }dNXZ( )]

Using this result, (A5), and elementary properties of the vec-operator and Kronecker prod-

ucts of matrices, we find that

cov {p(s t; ZO)}

1
a Z/ 3 Vec{P u—; Zo) Cu P(u, t; Zo) H Zgio — eX(u)}T} du —Q3 Vx Qy
xee s geg(x n
/ > { 0 — ex(w)}vec {P(s,u—; Zy) CuP(u,t; ZO)}} du
gleT (X)
+ > El/ > vec{P(s,u—; Zy) CyP(u,t; Zy)}
Xe& gle J(X)

T de(U)
vec S, u—; Ly ng U, U5 20) 5 = 32
g e

+= ZZ / 3 Vec{P w—; Z) CuP(u, t; Zo) M Zyso — ex(u)} 7| du 5!

N xegi=1 S gleg(X

tZXi( )_ x () vec oy . i .
x El/s Y (u) gle%:(X) {P(s,u—; Zo) CuP(u,t; Zo) } dNxi( )] (A15)

Now let

HY (w5, t, Zo) = Pug(s,u—; Zo){ Py(u, t; Zo) — Pyylu, t; Zo)},

F)((hj)(u;s,t,ZO): > H(h] (u; s, t, Zy),
gleJ(X)

(hJ)(S t: Zo) / Z [H(h] u; s, t, ZO){ZglO — eX(u)}} du.

gleT(X)
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Then the (h, j)th entry of P(s,u—; Zy) CyuP(u,t; Zy) is Hgbj)(u; s,t, Zp). It follows from (A15)

that

cov {phj(s, t; Zo), pmr(s, t; ZO)}

1
LN (5,15 Z)} T = Ve QY (s, 85 Zo)
n

+Xz€:€E V FUD (s s,t, Zo)FU™ (us s, t, ZO){dN)((X})J
Zx (

+ = Z Z{Q(h] (s,t; ZO)}TQ;E{/: Zxi(u) — w)

FU™) (u; s, t, Zo) dNys(u )}

" xegi=1 Yx(u)
t Zyilu) — Z .
T Z Z{Q(mr (s,t; Z0)} ' OX'E {/ 20 X(u)F)((hJ)(W s, t, Zo) dNXi(u)}a
" xegi=1 s Y (u)
which can be estimated uniformly consistently by (13). O
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Fig. 1. A six-state bone marrow transplant model.
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Fig. 2. The results of fitting the five Markov regression models to the bone marrow transplant
data. (a) Predicted probabilities of leukaemia-free survival, (b) standard errors of predicted
probabilities of leukaemia-free survival.
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Table 1: Estimated probabilities of being in states 1 to 6 and the associated standard
errors at 100 days, 6 months, 1 year and 2 years post-transplant under each of the
five Markov regression models, for a male patient aged over 28 years with a female
donor, given that the patient was initially in state 1 at time 0.

Time Post- AG Cox KK Cox Aalen AG-LY KK-LY
State transplant  Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
1 100 days  0.539(0.029) 0.533(0.028) 0.543(0.028) 0.590(0.015) 0.566 (0.014)
(Tx) 6 months 0.423(0.028) 0.420(0.028) 0.414(0.028) 0.443(0.017) 0.421(0.014)
1year  0.339(0.029) 0.336(0.029) 0.321(0.027) 0.330(0.020) 0.325(0.017)
2 years  0.307(0.029) 0.307(0.029) 0.290(0.027) 0.261(0.026) 0.296 (0.025)
2 100 days 0.192(0.022) 0.204(0.022) 0.178(0.022) 0.181(0.012) 0.210(0.011)
(A) 6 months 0.108(0.018) 0.120(0.019) 0.114(0.019) 0.106(0.011) 0.139 (0.011)
1 year 0.071(0.016) 0.074 (0.016) 0.073(0.016) 0.078(0.013) 0.083(0.012)
2 years  0.060(0.015) 0.060(0.014) 0.059 (0.015) 0.080(0.021) 0.048 (0.013)
3 100 days  0.033(0.007) 0.035(0.006) 0.040(0.010) 0.041(0.007) 0.045 (0.006)
(C) 6 months 0.103(0.017) 0.101(0.016) 0.113(0.018) 0.124(0.011) 0.130(0.009)
1 year 0.142(0.022) 0.136(0.021) 0.149(0.021) 0.162(0.014) 0.164(0.012)
2 years  0.148(0.023) 0.142(0.022) 0.164(0.023) 0.175(0.020) 0.164(0.019)
4 100 days  0.040(0.009) 0.033(0.007) 0.048(0.013) 0.039(0.007) 0.032(0.005)
(AC) 6 months 0.085(0.016) 0.081(0.015) 0.058(0.015) 0.085(0.009) 0.070(0.007)
1year  0.083(0.018) 0.086(0.017) 0.086(0.018) 0.087(0.011) 0.085(0.011)
2 years  0.075(0.018) 0.077(0.018) 0.085(0.018) 0.075(0.016) 0.086 (0.016)
) 100 days 0.178(0.023) 0.175(0.022) 0.173(0.021) 0.130(0.010) 0.126(0.010)
(D) 6 months 0.208(0.025) 0.205(0.024) 0.214(0.024) 0.163(0.013) 0.159 (0.012)
1year  0.241(0.027) 0.243(0.027) 0.240(0.025) 0.211(0.017) 0.207(0.016)
2 years  0.265(0.029) 0.268 (0.029) 0.255 (0.026) 0.254 (0.024) 0.247 (0.022)
6 100 days 0.019(0.005) 0.020(0.005) 0.019(0.009) 0.019(0.005) 0.020 (0.005)
(R) 6 months 0.072(0.013) 0.074(0.013) 0.086(0.017) 0.079(0.009) 0.081 (0.009)
Lyear  0.124(0.019) 0.125(0.019) 0.131(0.021) 0.133(0.014) 0.136(0.013)
2 years  0.145(0.022) 0.146(0.022) 0.148(0.023) 0.154(0.020) 0.158 (0.018)

AG, Andersen-Gill; KK, Klein-Keiding; LY, Lin-Ying; Est., estimated probability; SE, stan-

dard error.
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