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ABSTRACT
Competing risks data in clinical trial or observational studies often suffer from cluster
effects such as center effects and matched pairs design. The proportional subdistri-
bution hazards (PSH) model is one of the most widely used methods for competing
risks data analyses. However, the current literature on the PSH model for clus-
tered competing risks data is limited to covariate-independent censoring and the
unstratified model. In practice, competing risks data often face covariate-dependent
censoring and have the non-PSH structure. Thus, we propose a marginal strati-
fied PSH model with covariate-adjusted censoring weight for clustered competing
risks data. We use a marginal stratified proportional hazards model to estimate
the survival probability of censoring by taking clusters and non-proportional haz-
ards structure into account. Our simulation results show that, in the presence of
covariate-dependent censoring, the parameter estimates of the proposed method are
unbiased with approximate 95% coverage rates. We apply the proposed method to
stem cell transplant data of leukemia patients to evaluate the clinical implications
of donor-recipient HLA matching on chronic graft-versus-host disease.

KEYWORDS
Proportional subdistribution hazards model, Covariate dependent censoring,
Stratified model, Competing risks regression

1. Introduction

A competing risk is an event which precludes the primary event of interest. Competing
risks data often suffer from cluster effects such as study center effects and matched
pair designs. For example, Pidala et al. (2014) studied patients who received unrelated
donor allogeneic hematopoietic cell transplantation to treat blood cancer. Their pri-
mary interest was investigating the clinical impact of donor-recipeint HLA matching
on right-censored outcomes. One of the main outcomes was chronic graft-versus-host
disease (GVHD), where death without experiencing chronic GVHD was a competing
risk. As in Section 5, it had a significant study center effect. They fitted the pro-
portional cause-specific hazards model for chronic GVHD. However, the cause-specific
hazards model does not evaluate direct covariate effects on cumulative incidence, which
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is often of interest for a competing risks data analysis.
There is rich literature which evaluates direct covariate effects on cumulative inci-

dence for clustered competing risks data. Scheike et al. (2010) studied a semiparametric
random effects model based on the direct binomial modeling, where the marginal cumu-
lative incidence functions follow a generalized semiparametric additive model. Logan
et al. (2011) proposed a pseudovalue approach based on the jackknife estimator and
a generalized estimating equation. Ruan and Gray (2008) proposed a non-parametric
multiple imputation method. Zhou et al. (2012) extended the proportional subdistri-
bution hazards (PSH) model of Fine and Gray (1999) to clustered competing risks
data. However, the asymptotic results of all of these methods are limited to covariate-
independent censoring. And Zhou et al. (2012) is limited to the PSH structure. In
practice, the censoring distribution may depend on some covariates and the PSH as-
sumption may not hold. Addressing these limitations under the stratified PSH model
is crucial in practice because many clinicians and investigators widely use the PSH
model of Fine and Gray (1999) for competing risks data analysis.

Therefore, we study a stratified PSH model with covariate-adjusted censoring weight
for clustered data in this article. The survival probability of censoring is estimated
using the marginal stratified proportional hazards model. In practice, stratification
variables for the stratified PSH model and the stratified proportional hazards model
for censoring may not be the same. Thus, we allow stratification variables for both
models to be different. Simulation studies of the existing literature on the PSH model
(Fine and Gray, 1999; Zhou et al., 2012) focused on parameter estimation for covariates
and did not perform simulation studies on baseline cumulative subdistribution hazards.
Our simulations consider the estimation of both parameters for covariates and baseline
cumulative subdistribution hazard functions. The proposed competing risks regression
can be implemented using R package ‘adjSURVCI’ (Khanal and Ahn, 2021). We
apply our method to Pidala et al. (2014) which studied leukemia patients who received
stem cell transplant to evaluate the clinical impact of donor-recipient HLA matching
on chronic GVHD.

2. Notations and a marginal stratified PSH model

We define notations first. Assume the total number of clusters is n, nj is the number of
clusters in stratum j, S is the fixed total number of strata, nij is the number of obser-

vations within cluster i and stratum j and n =
∑S

j=1 nj , where nij is bounded. In what

follows, the subscripts i, j, k correspond to the kth subject in the ith cluster and jth stra-
tum for i = 1, . . . , n, j = 1, . . . , S, and k = 1, . . . , nij . Let Tijk and Cijk be the failure
time and the censoring time, respectively. Denote ϵijk ∈ {1, . . . , l} as a cause of failure.
We assume ϵijk = 1 to be the main cause of interest. Let Zijk = (Z1ijk, . . . , Zpijk)

⊺

be a p × 1 vector of covariates. Let ∆ijk = I(Tijk ≤ Cijk) be the event indicator.
We observe {Xijk = min(Tijk, Cijk),∆ijk,∆ijkϵijk,Zijk; i = 1, . . . , n, j = 1, . . . , S, k =
1, . . . , nij}, where Xijk is the observed time. Define ψijk = ∆ijkϵijk ∈ {0, 1, . . . , l}. Let
Ti = {Tijk; j = 1, . . . , nS , k = 1, . . . , nij}, with Ci, Zi , ∆i and ϵi defined similarly.
We assume (Ti, ϵi) to be independent of Ci given Zi. Assume that (Ti,Ci,Zi,∆i, ϵi)
are independent and identically distributed across clusters i = 1, . . . , n. The study
period is [0, τ ]. Let N1

ijk(t) = I(Tijk ≤ t;ψijk = 1) be the counting process asso-

ciated with Cause 1 and Y 1
ijk(t) = 1 − N1

ijk(t
−) be the risk process. Similarly, let

NC
ijk(t) = I(Xijk ≤ t;ψijk = 0) and Y C

ijk(t) = I(Xijk ≥ t) be the counting process
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and the at-risk indicator associated with censoring, respectively. Let Φij = 1 if the jth

stratum has at least one subject from cluster i; otherwise Φij = 0.
We assume the censoring distribution follows the stratified proportional hazards

model (Cox, 1972):

λCj(t,Zijk) = λC0j(t) exp(γ
⊺
0Zijk), j = 1, . . . , S, (1)

where λC0j(t) is an unspecified baseline hazard function and γ0 is the true parameter
vector for censoring. Define

S
(r)
Cj (γ, t) =

1

nj

n∑
i=1

Φij

nij∑
k=1

Y C
ijk(t)Z

⊗
r

ijk exp(γ⊺Zijk), j = 1, . . . , S,

for r = 0, 1, 2 such that a
⊗

r = 1, a
⊗

1 = a and a
⊗

2 = aa⊺ for a. The score function
for γ is

UC(γ) =

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

Zijk −
S
(1)
Cj (γ, u)

S
(0)
Cj (γ, u)

 dNC
ijk(u) = 0. (2)

Let γ̂ be the estimator for γ0 from (2). The Breslow-type estimator of ΛC0j(t) =∫ t
0 λC0j(t) is

Λ̂C0j(t) =
1

nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

dNC
ijk(s)

S
(0)
Cj (γ̂, s)

.

Thus, the estimated survival probability of the censoring distribution is ĜCj(t | Zijk) =

exp{−Λ̂C0j(t) exp(γ̂
⊺Zijk)}.

The covariate-adjusted censoring weight function is ŵCOX
ijk (t) = I(Cijk ≥ Xijk ∧

t)ĜC,j(t;Zijk)/ĜC,j(Xijk ∧ t;Zijk). For j = 1, . . . , S, define

S
(r)
COX,j(β, t) =

1

nj

n∑
i=1

Φij

nij∑
k=1

ŵCOX
ijk (t)Y 1

ijk(t)Z
⊗

r
ijk exp(β⊺Zijk).

Our main interest is to evaluate the direct effects of covariates on the cumulative
incidence function of Cause 1, F1j(t | Zijk) = P (Tijk ≤ t, ϵijk = 1 | Zijk). The
stratified PSH model for Cause 1 is

λ1j(t | Zijk) = λ10j(t) exp(β
⊺
0Zijk), j = 1, . . . , S, (3)

where λ10j(t) is an unspecified baseline subdistribution hazard function and β0 is the
true parameter vector. We estimate β0 in (3) by setting the following score equation
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equal to zero:

UCOX(β)

=

n∑
i=1

 S∑
j=1

Φij

nij∑
k=1

∫ τ

0

Zijk −
S
(1)
COX,j(β, u)

S
(0)
COX,j(β, u)

 ŵCOX
ijk (u)dN1

ijk(u)

 . (4)

Denote the estimator of β0 as β̂. The Breslow-type estimator of the cumulative baseline
subdistribution hazard function of Cause 1, Λ10j(t) =

∫ t
0 λ10j(s), for stratum j is

Λ̂10j(t) =
1

nj

∫ t

0

1

S
(0)
COX,j(β̂, s)

n∑
i=1

Φij

nij∑
k=1

ŵCOX
ijk (s)dN1

ijk(s).

3. Asymptotic Properties

We establish the asymptotic properties of the proposed estimators in this sec-
tion. Define M1

ijk(t) = N1
ijk(t) −

∫ t
0 Y

1
ijk(u)e

β⊺
0 ZijkdΛ10j(u) and MC

ijk(t) = NC
ijk(t) −∫ t

0 Yijk(u)e
γ⊺ZijkdΛC0j(u) for Cause 1 and censoring processes, respectively. We as-

sume the following conditions:

(A1) P (Tijk > τ) > 0 and P (Cijk > τ) > 0 for all i, j and k.
(A2) The covariates Z are bounded almost surely.
(A3)

∫ τ
0 λC0j(t)dt <∞ for j = 1, . . . , S.

(A4) −1/n× ∂UC(γ0)/∂γ
⊺
0 converges to ΩC(γ0) which is positive definite.

(A5)
∫ τ
0 λ10j(t)dt <∞ for j = 1, . . . , S.

(A6) −1/n× ∂UCOX(β0)/∂β
⊺
0 converges to Ω(β0) which is positive definite.

(A7) There exists a neighborhood BC of γ0 and s
(r)
Cj defined on BC × [0, τ ] such

that for r = 0, 1, 2; supt∈[0,τ ],γ∈BC
∥S(r)

Cj (γ, t) − s
(r)
Cj(γ, t)∥

P→ 0 and s
(r)
Cj(γ, t) =

E
[
S
(r)
Cj (γ, t)

]
.

(A8) S
(r)
Cj (γ, t), r = 0, 1, 2 are continuous functions of γ ∈ BC uniformly in t ∈ [0, τ ]

and are bounded on BC×[0, τ ]. s
(0)
Cj (γ, t) is bounded away from zero on BC×[0, τ ].

(A9) There exists a neighborhood B of β0 and s
(r)
COX,j defined on B×[0, τ ] such that for

r = 0, 1, 2; supt∈[0,τ ],β∈B ∥S(r)
COX,j(β, t) − s

(r)
COX,j(β, t)∥

P→ 0 and s
(r)
COX,j(β, t) =

E
[
S
(r)
COX,j(β, t)

]
.

(A10) S
(r)
COX,j(β, t) are continuous functions of β ∈ B uniformly in t ∈ [0, τ ] and are

bounded on B × [0, τ ]. s
(0)
COX,j(β, t) is bounded away from zero on B × [0, τ ].

(A11) pj = nj/n→ πj as n and nj go to infinity.

These conditions are the standard regularity conditions for the stratified PSH model
for Cause 1 and the stratified proportional hazards model for censoring similarly to
Kim et al. (2020).

We have the following theorem for β̂.

Theorem 3.1. Under Assumptions (A1)-(A11), β̂ converges in probability to β0 and
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n1/2(β̂−β0) converges in distribution to a zero-mean normal distribution with covari-
ance matrix Ω(β0)

−1ΣΩ(β0)
−1, where

Σ = E
{(
ηCOX
1.. +ψCOX

1..

)⊗ 2
}
,

ηCOX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

Zijk −
s
(1)
COX,j(β0, u)

s
(0)
COX,j(β0, u)

wCOX
ijk (u)dM1

ijk(u),

ψCOX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫ τ

0
q
(1)
ijk(u)dM

C
ijk(u).

The expression for q
(1)
ijk(u) and its proof are provided in the Appendix is provided

in the Supplementary Materials. We consider the same strata for events from Cause 1
and censoring for a mathematical simplicity in Theorem 3.1. This avoids the abuse of
complicated notations and subscripts. However, similarly to Kim et al. (2020), one can
show the asymptotic results of Theorem 3.1 even when strata for models for Cause 1
and censoring are different using similar arguments to the proof of Theorem 3.1. In
summary, when strata for the models for Cause 1 and censoring are different, one can
fit the stratified proportional hazards model using strata for censoring, estimate all
censoring-related terms for each subject, and plug them into the asymptotic formula
of Theorem 3.1 as described in Kim et al. (2020). We conduct a simulation study with
different strata between the model for Cause 1 and the model for censoring in Table 6
in Section 4. The results show little bias and the empirical coverage rates close to 95%.
We assume the same strata for the following theorems for brevity. However, the same
argument for different strata between Cause 1 and censoring models can be applied
to them.

Theorem 3.2. Under Assumptions (A1)-(A11), Λ̂10j(t) is a consistent estimator for

Λ10j(t) for t ∈ [0, τ ] and
√
nj{Λ̂10j(t) − Λ10j(t)} converges weakly to a zero mean

Gaussian process with the variance ΣΛ10j
(t) = E {WΛ,ij(t)}, where

WΛ,ij(t) = Φij

nij∑
k=1

∫ t

0

wCOX
ijk (s)dM1

ijk(s)

s
(0)
COX,j(β0, s)

+ Φij

nij∑
k=1

∫ t

0
q
(2)
ijk(s, t)dM

C
ijk(s)

− πj(η
COX
i.. +ψCOX

i.. )⊺Ω(β0)
−1

∫ t

0

(
s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

)
dΛCOX

10j (s).

The expression for q
(2)
ijk(s, t) and the proof of Theorem 3.2 are provided in the Ap-

pendix and Supplementary Materials, respectively.
For a given value of covariate vector Z, the predicted CIF of Cause 1 for the jth

stratum can be estimated by F̂1j(t | Z) = 1− exp
{
−Λ̂10j(t) exp(β̂

⊺Z)
}
.

Theorem 3.3.
√
nj{F̂1j(t | Z)− F1j(t | Z)} converges weakly to a zero mean Gaus-

sian process and asymptotic variance which can be consistently estimated by Σ̂F1j
(t).

The expression for Σ̂F1j
(t) and its proof are provided in the Appendix and Supple-

mentary Materials, respectively.
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The asymptotic variances of the proposed estimators for β and Λ10j(t) when using
Kaplan-Meier estimates for censoring are provided in the Supplementary Materials.

4. Simulation

We conduct simulation studies using R package adjSURVCI (Khanal and Ahn, 2021).
We consider two weight functions: covariate-dependent weight ŵCOX

ijk (t) and covariate-

independent weight ŵKM
ijk (t) = I(Cijk ≥ Xijk ∧ t)ĜC,j(t)/ĜC,j(Xijk ∧ t), where ĜC,j(·)

is a Kaplan-Meier estimator for the survival probability of censoring for stratum j.
We consider two competing risks with Cause 1 being the main event of interest and
2 strata. Similarly to Logan et al. (2011), we generate clustered competing risks data
for Causes 1, 2, and censoring for stratum j using

F1j(t | ω,Z) = 1− [1− p (1− exp {−ρjt})]ωe
β
⊺
∗ Z

,

F2j(t | ω,Z) = (1− p)ωe
β
⊺
∗ Z [

1− exp
{
−ρjteκ

⊺Z
}]
,

Gj(t | ωc,Z) = exp
{
−tρcjωce

γ⊺
∗ Z
}
,

where random effects ω and ωc are generated from a positive stable frailty distribu-
tion with parameter α. If α = 1, all subjects are independent while α = 0.5, 0.25
result in clustered event times with a smaller value of α indicating a stronger cor-
relation within a cluster. By Logan et al. (2011), the true covariate effects associ-
ated with Cause 1 and censoring are β0 = αβ∗ and γ0 = αγ∗, respectively. We
set β0 = (0.5,−0.5, 0.5)⊺, ρ1 = 1, ρ2 = 2, and κ = (2.5, 2.5, 2.5)⊺. Thus, β∗’s are
(2,−2, 2)⊺, (1,−1, 1)⊺, and (0.5,−0.5, 0.5)⊺ for α = 0.25, 0.5, and 1, respectively.
For covariate-dependent censoring (CDC) and covariate-independent censoring (CIC),
γ0 = (2.5, 2.5,−3)⊺ and γ0 = (0, 0, 0)⊺, respectively. Table 1 shows the other parame-
ter values for the simulation study. With these values, it results in approximately 30%
censoring, 40% Cause 1, and 30% Cause 2. We consider n = 200, 400, and 800. In

Table 1. True parameter values

Censoring α p ρc1 ρc2

CDC 1.00 0.60 1.40 0.70
0.50 0.50 1.20 0.50
0.25 0.40 1.00 0.30

CIC 1.00 0.57 1.40 0.40
0.50 0.45 1.20 0.50
0.25 0.20 0.80 0.30

practice, all subjects of some clusters may belong to one stratum and other clusters
may have subjects from various strata. To consider such scenarios, we generate data
such that the first 25% of the clusters only contain the first stratum whereas the last
25% contain the second stratum only. The middle 50% of the clusters contain both
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strata. In any cluster, each strata has 2 observations. Thus, the first 25% and the last
25% of clusters consist of 2 subjects within a cluster while the middel 50% of clusters
have 4 subjects within a cluster. Two continuous and one binary covariates are consid-
ered. For the kth observation in cluster i and stratum j, we generate Z1,ijk ∼ N(0, 1)
and Z3,ijk ∼ Bern(0.7). For cluster i and stratum j, Z2,ijk ∼ U(0, 1) is a cluster-level
covariate, so all Z2,ijk’s in cluster i and stratum j have the same value. We conduct
5000 replicates for each setting.

Table 2 summarizes the simulation results. For CDC, the proposed method with
ŵCOX
ijk (t) has little bias and the coverage rates get closer to 95% as n increases. On

the other hand, the proposed method with ŵKM
ijk (t) suffer from biased estimates and

coverage rates much less than 95%. For CIC, the proposed method with ŵCOX
ijk (t)

performs as good as that with ŵKM
ijk (t). For both methods, the parameter estimates

for Cause 1 are unbiased. As n increases, the coverage rates get closer to 95%. And
the standard deviations of both estimates are very close.

We also conduct a simulation for the cumulative baseline subdistribution hazard
function at two different time points t = 0.1 and 0.7 for both strata. Table 3 includes
the simulation results. For CDC, the proposed method with ŵCOX

ijk (t) has unbiased

estimates in both strata and its coverage rates approach 95% as n increases. However,
the stratified PSH model with ŵKM

ijk (t) results in biased estimates and coverage rates

less than 95%. Furthermore, for CIC, the estimates of both the proposed methods
with ŵCOX

ijk (t) and ŵKM
ijk (t) are unbiased and their coverage rates are approximately

95%. And the standard deviations of both estimates are very close.
Next, we perform a simulation study under the same settings as those for Tables 2

and 3, but we ignore clusters and instead treat clustered data as independent data.
Tables 4 and 5 report the results. The parameter estimates are the same as those for
Tables 2 and 3 because we fit the marginal model. When α = 1, the coverage rates
for all parameters are close to 95%. When α = 0.25 or 0.5, ignoring clusters leads to
coverage rates much less than 95% in both tables.

Next, we conduct a simulation study for CDC when strata for censoring and Cause
1 are different. We generate event times for Cause 1 based on the setting for Table 2.
However, we create two strata for censoring independent of those for Cause 1 using a
Bernoulli distribution with probability 0.5 for each cluster. Table 6 shows the simula-
tion results. The estimates of the proposed method with ŵCOX

ijk (t) are unbiased and

their coverage rates approach 95% as n increases. However, the proposed method with
ŵKM
ijk (t) suffer from biased estimates and low coverage rates.
Finally, we conducted a simulation study to examine the performance of the pro-

posed method when the model for censoring is mis-specified. The parameter setting
for Table 2 is used to generate times for Causes 1 and 2. However, correlated censoring
times are generated using the following accelerated failure time model for observation
k in cluster i and stratum j.

log(Cijk) = µj + γ
⊺
0Zijk +Wi, i = 1, . . . , n, j = 1, . . . , S, k = 1, . . . , nij .

The first 25% and last 25% of the clusters only contain two observations. Thus, we
consider

Wi ∼MVN

(
0,

[
1 0.5
0.5 1

])
,
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where MVN is the multivariate normal distribution. However, the middle 50% of the
clusters contain 4 observations. For those clusters, we assume

Wi ∼MVN

0,


1 0.5 0.5 0.5
0.5 1 0.5 0.5
0.5 0.5 1 0.5
0.5 0.5 0.5 1


 .

The number of strata for censoring is 2 and γ0 = (2.5, 2.5,−3)⊺. Table 7 presents the
other parameter values for the AFT model. With these values, it results in approxi-
mately 30% censoring, 40% Cause 1, and 30% Cause 2. Table 8 provides the simulation
results. The proposed method with ŵCOX

ijk (t) has little bias and the coverage rates close

to 95%. The estimates of the proposed method with ŵKM
ijk (t) are biased and their cov-

erage rates are less than 95%. The proposed method with ŵCOX
ijk (t) is robust against

mis-specified modeling of censoring under this limited setting.

5. Real data analysis

We apply our method to the data set of Pidala et al. (2014) to investigate the impact
of donor-recipient HLA matching on chronic GVHD of acute lymphoblastic leukemia
patients who received unrelated donor allogeneic hematopoietic cell transplantation,
where death without experiencing chronic GVHD is a competing event. The variables
considered in this application are GVHD prophylaxis (FK506 + (MTX or MMF or
steroids) + other , FK506 + other, CsA + MTX + other, CsA + other(No MTX), T-
cell depletion and Other); HLA matching (8/8, 7/8 and 6/8); year of transplant (1999−
2002, 2003−2006 and 2007−2011); graft type (bone marrow and peripheral blood); in
vivo T-cell depletion (no and yes) and total body irradiation (no and yes). The total
sample size is 2200. Table 9 shows patient characteristics for the 2200 patients. There
are 451 censored patients, 879 patients experienced chronic GVHD and 870 patients
died without experiencing chronic GVHD.

First, we check the proportional hazard assumption for censoring by examining
the coefficient of variable × log(t) under the marginal PH model for each variable.
Year of transplant does not satisfy the proportional hazard assumption with p-value
< 0.001. Therefore, we stratify year of transplant for the proportional hazards model
for censoring. We also include the other variables in Table 9 in modeling the censoring
distribution. Next, we check the PSH assumption for each variable by examining the
coefficient of variable × log(t) based on the proposed model. GVHD prophylaxis does
not satisfy the PSH assumption with p-value < 0.001. Hence, we stratify it for the
PSH model for chronic GVHD. We also check a study center effect using the score test
of homogeneity (Commenges and Andersen, 1995) and it was significant with p-value
< 0.001. The level of significance is set at 0.05. Then, we fit four different stratified
PSH model as follows:

(1) Proposed method with ŵCOX
ijk (t);

(2) Proposed method with ŵCOX
ijk (t), but ignores clusters and instead treat the data

as independent data;
(3) Proposed method with ŵKM

ijk (t).

(4) Proposed method with ŵKM
ijk (t), but ignores clusters and instead treat the data

as independent data;
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Table 10 show the analysis results. The results for the models with ŵCOX
ijk (t) and

ŵKM
ijk (t) are similar because the magnitude of parameter estimates for censoring is

modest and thus covariate-dependent censoring does not impact on the analysis re-
sult much. In general, the standard errors of the models ignoring clusters are smaller
than those of the models accounting for clusters. In all models, HLA matching is not
significant. Year of transplant is significant using the proposed method to account for
clusters; however when ignoring clusters, it is not significant. Furthermore, total body
irradiation effect is not significant using the proposed method to account for clusters,
but ignoring clusters leads to a statistical significance. Verneris et al. (2015) studied
leukemia patients who received 8/8 or 7/8 HLA matched unrelated donor transplants
from 1999-2011. Interestingly, their analysis results show year of transplant was signif-
icant, but total body irradiation was not significant for chronic GVHD, which match
our analysis results based on the proposed model accounting for clusters.
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Table 2. Simulation results for parameter estimation for Cause 1

ŵCOX
ijk (t) ŵKM

ijk (t)

Scenario α n β0 Bias SE(SD) CP Bias SE(SD) CP

CDC 0.25 200 β01 -0.003 0.089(0.090) 0.946 0.051 0.086(0.089) 0.894
β02 -0.001 0.356(0.356) 0.950 0.075 0.355(0.356) 0.944
β03 -0.015 0.209(0.211) 0.950 -0.050 0.207(0.213) 0.945

400 β01 -0.001 0.063(0.063) 0.945 0.054 0.061(0.062) 0.849
β02 0.003 0.252(0.252) 0.948 0.079 0.251(0.253) 0.939
β03 -0.007 0.146(0.147) 0.951 -0.043 0.146(0.148) 0.944

800 β01 0.000 0.044(0.044) 0.952 0.056 0.043(0.043) 0.732
β02 0.004 0.178(0.180) 0.947 0.081 0.178(0.180) 0.922
β03 -0.002 0.103(0.102) 0.950 -0.039 0.103(0.102) 0.939

0.5 200 β01 0.000 0.087(0.088) 0.943 0.111 0.079(0.082) 0.697
β02 -0.005 0.332(0.336) 0.942 0.140 0.328(0.334) 0.927
β03 -0.016 0.210(0.216) 0.943 -0.168 0.209(0.219) 0.885

400 β01 0.001 0.061(0.061) 0.950 0.114 0.056(0.056) 0.464
β02 0.005 0.234(0.235) 0.948 0.151 0.232(0.233) 0.899
β03 -0.007 0.147(0.150) 0.944 -0.160 0.148(0.152) 0.827

800 β01 0.000 0.043(0.043) 0.951 0.114 0.040(0.040) 0.190
β02 0.003 0.165(0.165) 0.949 0.152 0.164(0.164) 0.853
β03 -0.003 0.103(0.104) 0.949 -0.157 0.104(0.105) 0.685

1 200 β01 0.002 0.085(0.085) 0.948 0.171 0.073(0.074) 0.357
β02 0.007 0.239(0.237) 0.951 0.203 0.229(0.230) 0.858
β03 -0.021 0.211(0.206) 0.958 -0.445 0.207(0.207) 0.421

400 β01 -0.001 0.060(0.059) 0.950 0.170 0.051(0.052) 0.094
β02 0.006 0.169(0.167) 0.951 0.205 0.162(0.162) 0.755
β03 -0.007 0.147(0.149) 0.948 -0.435 0.146(0.149) 0.134

800 β01 0.001 0.042(0.042) 0.951 0.173 0.036(0.037) 0.005
β02 0.001 0.119(0.120) 0.951 0.201 0.114(0.115) 0.580
β03 -0.003 0.103(0.103) 0.948 -0.431 0.103(0.103) 0.009

CIC 0.25 200 β01 -0.004 0.074(0.076) 0.943 -0.004 0.074(0.077) 0.941
β02 -0.003 0.367(0.370) 0.951 -0.002 0.367(0.371) 0.950
β03 -0.005 0.157(0.158) 0.948 -0.006 0.156(0.158) 0.947

400 β01 -0.002 0.052(0.053) 0.948 -0.002 0.052(0.053) 0.945
β02 0.002 0.259(0.259) 0.950 0.002 0.259(0.260) 0.949
β03 -0.003 0.110(0.111) 0.950 -0.004 0.110(0.111) 0.951

800 β01 0.000 0.037(0.037) 0.953 0.000 0.037(0.037) 0.954
β02 0.005 0.183(0.186) 0.944 0.005 0.183(0.186) 0.945
β03 -0.001 0.078(0.076) 0.954 -0.001 0.078(0.077) 0.953

0.5 200 β01 -0.004 0.070(0.072) 0.946 -0.004 0.070(0.072) 0.944
β02 -0.007 0.328(0.330) 0.947 -0.007 0.329(0.330) 0.948
β03 -0.006 0.151(0.154) 0.946 -0.007 0.151(0.156) 0.943

400 β01 -0.001 0.049(0.050) 0.946 -0.001 0.050(0.050) 0.945
β02 0.000 0.231(0.232) 0.946 0.000 0.232(0.233) 0.947
β03 -0.003 0.106(0.107) 0.950 -0.003 0.107(0.108) 0.947

800 β01 0.000 0.035(0.035) 0.951 0.000 0.035(0.035) 0.949
β02 0.002 0.163(0.163) 0.953 0.002 0.164(0.163) 0.953
β03 -0.001 0.075(0.075) 0.948 -0.002 0.075(0.075) 0.947

1 200 β01 -0.003 0.066(0.066) 0.948 -0.003 0.066(0.066) 0.946
β02 0.002 0.230(0.237) 0.939 0.002 0.231(0.239) 0.939
β03 -0.007 0.150(0.149) 0.952 -0.008 0.150(0.150) 0.950

400 β01 -0.002 0.047(0.047) 0.946 -0.002 0.047(0.048) 0.942
β02 0.004 0.163(0.164) 0.945 0.004 0.164(0.167) 0.945
β03 -0.004 0.105(0.107) 0.946 -0.004 0.106(0.108) 0.944

800 β01 0.000 0.033(0.033) 0.952 0.000 0.033(0.033) 0.950
β02 -0.001 0.115(0.116) 0.946 -0.002 0.116(0.118) 0.947
β03 -0.001 0.074(0.075) 0.949 -0.001 0.075(0.076) 0.951
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Table 3. Simulation results for cumulative baseline subdistribution hazard estimation at t = 0.1 and 0.7
ŵCOX
ijk (t) ŵKM

ijk (t)

Scenario α n t Stratum Bias SE(SD) CP Bias SE(SD) CP

CDC 0.25 200 0.1 0 -0.007 0.126(0.128) 0.932 -0.001 0.124(0.127) 0.924
1 -0.007 0.144(0.144) 0.940 -0.001 0.141(0.143) 0.929

0.7 0 -0.011 0.190(0.190) 0.938 0.008 0.183(0.187) 0.921
1 -0.012 0.209(0.209) 0.938 0.008 0.202(0.205) 0.924

400 0.1 0 -0.005 0.088(0.090) 0.940 0.002 0.087(0.089) 0.929
1 -0.005 0.101(0.103) 0.939 0.002 0.100(0.103) 0.929

0.7 0 -0.008 0.133(0.135) 0.941 0.013 0.129(0.132) 0.924
1 -0.008 0.146(0.149) 0.943 0.013 0.142(0.145) 0.930

800 0.1 0 -0.003 0.062(0.063) 0.942 0.004 0.061(0.062) 0.933
1 -0.003 0.071(0.072) 0.943 0.003 0.071(0.071) 0.936

0.7 0 -0.005 0.093(0.094) 0.945 0.016 0.091(0.092) 0.928
1 -0.005 0.103(0.104) 0.946 0.015 0.100(0.102) 0.931

0.5 200 0.1 0 -0.001 0.064(0.067) 0.913 0.016 0.060(0.064) 0.865
1 -0.002 0.084(0.087) 0.920 0.019 0.080(0.083) 0.880

0.7 0 -0.004 0.145(0.150) 0.923 0.052 0.131(0.138) 0.852
1 -0.003 0.178(0.184) 0.929 0.061 0.162(0.169) 0.857

400 0.1 0 -0.001 0.046(0.047) 0.934 0.016 0.043(0.044) 0.881
1 -0.002 0.060(0.061) 0.936 0.019 0.057(0.058) 0.890

0.7 0 -0.005 0.102(0.103) 0.938 0.053 0.093(0.095) 0.851
1 -0.005 0.125(0.127) 0.937 0.061 0.115(0.117) 0.858

800 0.1 0 -0.001 0.032(0.033) 0.942 0.017 0.030(0.031) 0.870
1 -0.001 0.042(0.043) 0.941 0.020 0.040(0.041) 0.880

0.7 0 -0.003 0.072(0.073) 0.943 0.055 0.066(0.066) 0.817
1 -0.004 0.089(0.090) 0.942 0.062 0.081(0.082) 0.834

1 200 0.1 0 0.000 0.018(0.019) 0.913 0.014 0.015(0.015) 0.730
1 0.000 0.030(0.030) 0.930 0.026 0.025(0.025) 0.715

0.7 0 -0.001 0.088(0.088) 0.937 0.099 0.065(0.066) 0.592
1 -0.001 0.136(0.136) 0.938 0.156 0.103(0.104) 0.598

400 0.1 0 0.000 0.013(0.013) 0.938 0.014 0.010(0.011) 0.654
1 -0.001 0.021(0.022) 0.938 0.025 0.017(0.018) 0.632

0.7 0 -0.003 0.062(0.064) 0.938 0.098 0.046(0.048) 0.424
1 -0.004 0.096(0.099) 0.938 0.155 0.073(0.075) 0.423

800 0.1 0 0.000 0.009(0.009) 0.947 0.014 0.007(0.007) 0.504
1 0.000 0.015(0.015) 0.948 0.026 0.012(0.012) 0.438

0.7 0 -0.001 0.044(0.044) 0.945 0.100 0.032(0.033) 0.179
1 -0.001 0.067(0.067) 0.948 0.158 0.051(0.051) 0.168

CIC 0.25 200 0.1 0 -0.005 0.098(0.100) 0.934 -0.005 0.098(0.100) 0.933
1 -0.007 0.112(0.113) 0.937 -0.007 0.112(0.113) 0.937

0.7 0 -0.009 0.146(0.148) 0.938 -0.009 0.146(0.148) 0.937
1 -0.010 0.158(0.161) 0.938 -0.010 0.158(0.161) 0.938

400 0.1 0 -0.004 0.069(0.070) 0.942 -0.004 0.069(0.070) 0.942
1 -0.004 0.079(0.079) 0.941 -0.004 0.079(0.079) 0.940

0.7 0 -0.006 0.103(0.103) 0.945 -0.006 0.103(0.103) 0.944
1 -0.006 0.111(0.112) 0.941 -0.006 0.111(0.112) 0.939

800 0.1 0 -0.003 0.049(0.049) 0.946 -0.002 0.049(0.049) 0.946
1 -0.003 0.056(0.057) 0.944 -0.003 0.056(0.057) 0.944

0.7 0 -0.004 0.072(0.072) 0.947 -0.004 0.072(0.072) 0.946
1 -0.004 0.079(0.079) 0.943 -0.004 0.078(0.079) 0.943

0.5 200 0.1 0 -0.001 0.055(0.056) 0.923 -0.001 0.055(0.056) 0.922
1 -0.002 0.071(0.073) 0.935 -0.002 0.071(0.073) 0.933

0.7 0 -0.004 0.121(0.124) 0.932 -0.004 0.121(0.124) 0.930
1 -0.004 0.146(0.148) 0.937 -0.004 0.146(0.148) 0.937

400 0.1 0 -0.001 0.039(0.039) 0.941 -0.001 0.039(0.039) 0.939
1 -0.001 0.050(0.051) 0.941 -0.001 0.050(0.051) 0.942

0.7 0 -0.003 0.085(0.086) 0.940 -0.003 0.085(0.086) 0.940
1 -0.004 0.103(0.104) 0.941 -0.003 0.103(0.104) 0.943

800 0.1 0 -0.001 0.027(0.027) 0.946 -0.001 0.027(0.027) 0.944
1 -0.001 0.035(0.036) 0.942 -0.001 0.036(0.036) 0.941

0.7 0 -0.002 0.060(0.060) 0.946 -0.002 0.060(0.060) 0.946
1 -0.002 0.073(0.073) 0.950 -0.002 0.073(0.073) 0.950

1 200 0.1 0 0.000 0.016(0.016) 0.918 0.000 0.016(0.016) 0.920
1 0.000 0.025(0.025) 0.928 0.000 0.025(0.026) 0.930

0.7 0 -0.001 0.070(0.071) 0.933 -0.001 0.070(0.071) 0.934
1 -0.003 0.103(0.104) 0.945 -0.003 0.103(0.104) 0.942

400 0.1 0 0.000 0.011(0.011) 0.936 0.000 0.011(0.011) 0.933
1 -0.001 0.018(0.018) 0.939 -0.001 0.018(0.018) 0.940

0.7 0 -0.001 0.050(0.050) 0.941 -0.001 0.050(0.050) 0.939
1 -0.003 0.073(0.075) 0.941 -0.003 0.073(0.075) 0.940

800 0.1 0 0.000 0.008(0.008) 0.946 0.000 0.008(0.008) 0.947
1 0.000 0.013(0.012) 0.946 0.000 0.013(0.012) 0.950

0.7 0 -0.001 0.035(0.035) 0.948 -0.001 0.035(0.035) 0.946
1 0.000 0.051(0.052) 0.946 0.000 0.052(0.052) 0.945
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Table 4. Simulation results for parameter estimation when ignoring clusters

ŵCOX
ijk (t) ŵKM

ijk (t)

Scenario α n β0 SE(SD) CP SE(SD) CP

CDC 0.25 200 β01 0.083(0.090) 0.931 0.081(0.089) 0.874
β02 0.230(0.356) 0.796 0.230(0.356) 0.790
β03 0.204(0.211) 0.947 0.201(0.213) 0.943

400 β01 0.058(0.063) 0.930 0.057(0.062) 0.818
β02 0.162(0.252) 0.792 0.162(0.253) 0.773
β03 0.142(0.147) 0.944 0.141(0.148) 0.939

800 β01 0.041(0.044) 0.932 0.040(0.043) 0.697
β02 0.114(0.180) 0.786 0.114(0.180) 0.750
β03 0.100(0.102) 0.945 0.099(0.102) 0.932

0.5 200 β01 0.084(0.088) 0.933 0.077(0.082) 0.675
β02 0.232(0.336) 0.827 0.228(0.334) 0.776
β03 0.208(0.216) 0.944 0.205(0.219) 0.881

400 β01 0.059(0.061) 0.938 0.054(0.056) 0.441
β02 0.163(0.235) 0.823 0.160(0.233) 0.739
β03 0.145(0.150) 0.944 0.144(0.152) 0.817

800 β01 0.041(0.043) 0.940 0.038(0.040) 0.173
β02 0.115(0.165) 0.832 0.113(0.164) 0.652
β03 0.101(0.104) 0.945 0.101(0.105) 0.670

1 200 β01 0.085(0.085) 0.947 0.073(0.074) 0.356
β02 0.232(0.237) 0.944 0.222(0.230) 0.848
β03 0.211(0.206) 0.958 0.207(0.207) 0.422

400 β01 0.060(0.059) 0.951 0.051(0.052) 0.092
β02 0.163(0.167) 0.944 0.157(0.162) 0.736
β03 0.147(0.149) 0.950 0.145(0.149) 0.132

800 β01 0.042(0.042) 0.950 0.036(0.037) 0.005
β02 0.115(0.120) 0.944 0.110(0.115) 0.552
β03 0.103(0.103) 0.947 0.102(0.103) 0.009

CIC 0.25 200 β01 0.067(0.076) 0.915 0.067(0.077) 0.913
β02 0.225(0.370) 0.771 0.225(0.371) 0.771
β03 0.154(0.158) 0.947 0.153(0.158) 0.946

400 β01 0.047(0.053) 0.920 0.047(0.053) 0.918
β02 0.158(0.259) 0.769 0.158(0.260) 0.770
β03 0.108(0.111) 0.946 0.108(0.111) 0.946

800 β01 0.033(0.037) 0.930 0.033(0.037) 0.929
β02 0.111(0.186) 0.755 0.112(0.186) 0.759
β03 0.076(0.076) 0.949 0.076(0.077) 0.948

0.5 200 β01 0.066(0.072) 0.929 0.066(0.072) 0.929
β02 0.219(0.330) 0.806 0.220(0.330) 0.807
β03 0.149(0.154) 0.945 0.150(0.156) 0.944

400 β01 0.046(0.050) 0.929 0.046(0.050) 0.929
β02 0.153(0.232) 0.806 0.154(0.233) 0.811
β03 0.105(0.107) 0.948 0.105(0.108) 0.944

800 β01 0.033(0.035) 0.934 0.033(0.035) 0.937
β02 0.108(0.163) 0.803 0.109(0.163) 0.802
β03 0.074(0.075) 0.944 0.074(0.075) 0.942

1 200 β01 0.067(0.066) 0.949 0.067(0.066) 0.949
β02 0.220(0.237) 0.932 0.222(0.239) 0.930
β03 0.150(0.149) 0.954 0.151(0.150) 0.951

400 β01 0.047(0.047) 0.947 0.047(0.048) 0.944
β02 0.155(0.164) 0.933 0.156(0.167) 0.935
β03 0.106(0.107) 0.949 0.106(0.108) 0.948

800 β01 0.033(0.033) 0.950 0.033(0.033) 0.950
β02 0.109(0.116) 0.936 0.110(0.118) 0.936
β03 0.075(0.075) 0.950 0.075(0.076) 0.950

12



Table 5. Simulation results for cumulative baseline subdistribution hazard estimation at t = 0.1 and 0.7

when ignoring clusters

ŵCOX
ijk (t) ŵKM

ijk (t)

Scenario α n t Stratum SE(SD) CP SE(SD) CP

CDC 0.25 200 0.1 0 0.103(0.128) 0.881 0.100(0.127) 0.870
1 0.118(0.144) 0.887 0.115(0.143) 0.880

0.7 0 0.157(0.190) 0.892 0.151(0.187) 0.874
1 0.173(0.209) 0.891 0.167(0.205) 0.877

400 0.1 0 0.072(0.090) 0.880 0.071(0.089) 0.871
1 0.082(0.103) 0.878 0.081(0.103) 0.868

0.7 0 0.110(0.135) 0.891 0.106(0.132) 0.868
1 0.121(0.149) 0.889 0.117(0.145) 0.869

800 0.1 0 0.050(0.063) 0.887 0.050(0.062) 0.876
1 0.058(0.072) 0.886 0.057(0.071) 0.879

0.7 0 0.077(0.094) 0.893 0.075(0.092) 0.871
1 0.085(0.104) 0.890 0.083(0.102) 0.872

0.5 200 0.1 0 0.054(0.067) 0.870 0.050(0.064) 0.819
1 0.071(0.087) 0.882 0.067(0.083) 0.833

0.7 0 0.125(0.150) 0.886 0.112(0.138) 0.806
1 0.154(0.184) 0.889 0.139(0.169) 0.814

400 0.1 0 0.038(0.047) 0.889 0.036(0.044) 0.825
1 0.050(0.061) 0.891 0.047(0.058) 0.830

0.7 0 0.088(0.103) 0.898 0.079(0.095) 0.796
1 0.108(0.127) 0.899 0.098(0.117) 0.809

800 0.1 0 0.027(0.033) 0.889 0.025(0.031) 0.801
1 0.035(0.043) 0.896 0.033(0.041) 0.818

0.7 0 0.062(0.073) 0.897 0.056(0.066) 0.744
1 0.076(0.090) 0.901 0.069(0.082) 0.763

1 200 0.1 0 0.018(0.019) 0.914 0.014(0.015) 0.727
1 0.030(0.030) 0.931 0.024(0.025) 0.711

0.7 0 0.087(0.088) 0.936 0.064(0.066) 0.586
1 0.135(0.136) 0.938 0.102(0.104) 0.594

400 0.1 0 0.013(0.013) 0.936 0.010(0.011) 0.646
1 0.021(0.021) 0.936 0.017(0.018) 0.628

0.7 0 0.062(0.064) 0.935 0.045(0.048) 0.413
1 0.096(0.099) 0.937 0.072(0.075) 0.420

800 0.1 0 0.009(0.009) 0.946 0.007(0.007) 0.497
1 0.015(0.015) 0.947 0.012(0.012) 0.428

0.7 0 0.043(0.044) 0.944 0.033(0.032) 0.171
1 0.067(0.067) 0.946 0.051(0.051) 0.164

CIC 0.25 200 0.1 0 0.074(0.100) 0.851 0.074(0.100) 0.849
1 0.084(0.113) 0.858 0.084(0.113) 0.858

0.7 0 0.111(0.148) 0.860 0.111(0.148) 0.861
1 0.120(0.161) 0.858 0.120(0.161) 0.858

400 0.1 0 0.052(0.070) 0.850 0.052(0.070) 0.850
1 0.059(0.079) 0.858 0.059(0.079) 0.858

0.7 0 0.078(0.103) 0.863 0.078(0.103) 0.862
1 0.084(0.112) 0.864 0.084(0.112) 0.864

800 0.1 0 0.037(0.049) 0.857 0.037(0.049) 0.859
1 0.042(0.057) 0.854 0.042(0.057) 0.853

0.7 0 0.055(0.072) 0.864 0.055(0.072) 0.864
1 0.059(0.079) 0.861 0.059(0.079) 0.860

0.5 200 0.1 0 0.043(0.056) 0.860 0.043(0.056) 0.858
1 0.056(0.073) 0.866 0.056(0.073) 0.863

0.7 0 0.098(0.124) 0.873 0.098(0.124) 0.871
1 0.117(0.148) 0.876 0.117(0.148) 0.873

400 0.1 0 0.030(0.039) 0.873 0.030(0.039) 0.876
1 0.040(0.051) 0.872 0.040(0.051) 0.875

0.7 0 0.069(0.086) 0.881 0.069(0.086) 0.876
1 0.083(0.104) 0.880 0.083(0.104) 0.879

800 0.1 0 0.021(0.027) 0.877 0.022(0.027) 0.879
1 0.028(0.036) 0.873 0.028(0.036) 0.873

0.7 0 0.049(0.060) 0.884 0.049(0.060) 0.885
1 0.058(0.073) 0.884 0.058(0.073) 0.883

1 200 0.1 0 0.015(0.016) 0.917 0.015(0.016) 0.919
1 0.025(0.025) 0.928 0.025(0.026) 0.929

0.7 0 0.069(0.071) 0.933 0.069(0.071) 0.932
1 0.102(0.104) 0.944 0.102(0.104) 0.942

400 0.1 0 0.011(0.011) 0.936 0.011(0.011) 0.933
1 0.018(0.018) 0.937 0.018(0.018) 0.938

0.7 0 0.049(0.050) 0.940 0.049(0.050) 0.938
1 0.072(0.075) 0.940 0.072(0.075) 0.937

800 0.1 0 0.008(0.008) 0.943 0.008(0.008) 0.943
1 0.012(0.012) 0.944 0.012(0.012) 0.947

0.7 0 0.035(0.035) 0.945 0.035(0.035) 0.944
1 0.051(0.052) 0.943 0.051(0.052) 0.942
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Table 6. Simulation results for parameter estimates of Cause 1, when strata for Cause 1 and censoring models

are different

ŵCOX
ijk (t) ŵKM

ijk (t)

α n β0 Bias SE(SD) CP Bias SE(SD) CP

0.25 200 β01 -0.004 0.089(0.090) 0.943 0.050 0.085(0.088) 0.900
β02 0.011 0.356(0.364) 0.946 0.085 0.355(0.364) 0.938
β03 -0.013 0.209(0.206) 0.957 -0.049 0.206(0.207) 0.951

400 β01 -0.001 0.063(0.063) 0.951 0.054 0.061(0.062) 0.842
β02 0.012 0.251(0.254) 0.949 0.088 0.251(0.254) 0.938
β03 -0.006 0.146(0.146) 0.947 -0.042 0.145(0.146) 0.943

800 β01 -0.001 0.044(0.044) 0.954 0.055 0.043(0.043) 0.742
β02 0.009 0.177(0.178) 0.946 0.086 0.177(0.178) 0.926
β03 -0.003 0.103(0.103) 0.947 -0.039 0.103(0.104) 0.934

0.5 200 β01 0.002 0.087(0.086) 0.948 0.111 0.079(0.080) 0.695
β02 0.009 0.330(0.336) 0.945 0.151 0.327(0.332) 0.918
β03 -0.016 0.211(0.213) 0.948 -0.166 0.209(0.216) 0.889

400 β01 0.001 0.061(0.061) 0.955 0.113 0.056(0.057) 0.470
β02 0.003 0.233(0.236) 0.946 0.147 0.231(0.235) 0.902
β03 -0.005 0.147(0.146) 0.951 -0.157 0.147(0.149) 0.836

800 β01 0.000 0.043(0.043) 0.953 0.113 0.040(0.040) 0.185
β02 0.008 0.164(0.167) 0.947 0.155 0.163(0.167) 0.836
β03 -0.004 0.103(0.102) 0.953 -0.158 0.104(0.104) 0.690

1 200 β01 0.004 0.084(0.085) 0.947 0.173 0.073(0.075) 0.345
β02 0.015 0.230(0.232) 0.948 0.210 0.220(0.223) 0.834
β03 -0.013 0.211(0.211) 0.953 -0.443 0.206(0.214) 0.432

400 β01 0.002 0.060(0.057) 0.959 0.173 0.051(0.051) 0.082
β02 0.006 0.162(0.166) 0.945 0.204 0.156(0.160) 0.736
β03 -0.008 0.147(0.143) 0.960 -0.442 0.145(0.144) 0.118

800 β01 0.002 0.042(0.042) 0.950 0.174 0.036(0.037) 0.002
β02 0.005 0.115(0.114) 0.952 0.204 0.110(0.111) 0.542
β03 -0.004 0.103(0.102) 0.955 -0.438 0.103(0.102) 0.003

Table 7. True parameter values of the AFT model for censoring

Censoring α µ1 µ2 p

AFT 1.00 0.70 2.00 0.52
0.50 -0.50 2.00 0.38
0.25 -2.00 2.00 0.15
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Table 8. Simulation results of parameter estimates for Cause 1 when censoring follows AFT model

ŵCOX
ijk (t) ŵKM

ijk (t)

α n β0 Bias SE(SD) CP Bias SE(SD) CP

0.25 200 β01 -0.008 0.079(0.080) 0.944 -0.059 0.077(0.079) 0.880
β02 0.002 0.352(0.355) 0.948 -0.077 0.347(0.350) 0.939
β03 -0.001 0.150(0.153) 0.944 0.042 0.143(0.146) 0.931

400 β01 -0.006 0.055(0.056) 0.949 -0.058 0.054(0.055) 0.821
β02 0.000 0.248(0.253) 0.944 -0.081 0.245(0.249) 0.936
β03 0.003 0.106(0.106) 0.949 0.047 0.101(0.101) 0.927

800 β01 -0.004 0.039(0.039) 0.950 -0.057 0.038(0.038) 0.697
β02 0.004 0.175(0.174) 0.950 -0.077 0.173(0.172) 0.926
β03 0.004 0.075(0.075) 0.948 0.049 0.071(0.072) 0.894

0.5 200 β01 -0.012 0.081(0.082) 0.947 -0.100 0.076(0.079) 0.747
β02 -0.002 0.322(0.326) 0.948 -0.135 0.312(0.318) 0.927
β03 0.004 0.146(0.150) 0.941 0.102 0.136(0.140) 0.871

400 β01 -0.009 0.056(0.057) 0.947 -0.098 0.054(0.055) 0.565
β02 -0.003 0.227(0.228) 0.947 -0.139 0.221(0.222) 0.905
β03 0.004 0.103(0.102) 0.952 0.103 0.096(0.096) 0.807

800 β01 -0.005 0.040(0.040) 0.947 -0.095 0.038(0.038) 0.300
β02 -0.004 0.161(0.159) 0.952 -0.140 0.156(0.155) 0.853
β03 0.004 0.073(0.073) 0.954 0.105 0.068(0.068) 0.652

1 200 β01 -0.012 0.082(0.082) 0.949 -0.143 0.072(0.075) 0.499
β02 -0.002 0.234(0.238) 0.942 -0.196 0.221(0.227) 0.847
β03 0.007 0.143(0.145) 0.944 0.171 0.132(0.135) 0.731

400 β01 -0.009 0.057(0.057) 0.949 -0.142 0.051(0.052) 0.201
β02 -0.007 0.165(0.163) 0.951 -0.202 0.156(0.155) 0.752
β03 0.009 0.101(0.101) 0.953 0.172 0.093(0.093) 0.534

800 β01 -0.007 0.040(0.040) 0.953 -0.140 0.036(0.036) 0.025
β02 -0.003 0.116(0.116) 0.948 -0.198 0.110(0.111) 0.564
β03 0.009 0.071(0.071) 0.948 0.172 0.066(0.065) 0.254
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Table 9. Patient characteristics

8/8 7/8 6/8 Total
Year of transplant

1999 - 2002 237 131 64 432
2003 - 2006 497 223 60 780
2007 - 2011 702 259 27 988

Graft type
Peripheral blood 759 297 65 1121
Bone marrow 677 316 86 1079

In vivo T cell depletion
No 1087 400 92 1579
Yes 349 213 59 621

Total body irradiation
No 166 69 4 239
Yes 1270 544 147 1961

GVHD prophylaxis
FK506 + (MTX or MMF or steroids) + other 779 300 58 1137
FK506 + other 85 21 4 110
CsA + MTX + other 407 187 50 644
CsA + other(No MTX) 48 23 6 77
T-cell depletion 95 63 31 189
Other 22 19 2 43
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ŵ
K

M
ij

k
(t
)

ŵ
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6. Conclusion

We have studied when the number of strata is finite, but the number of clusters in-
creases. Zhou et al. (2011) considered highly stratified data which have a large number
of strata compared with the strata sizes. In this case, one needs to consider that the
number of clusters for each stratum is finite, but the number of strata increases. As
Zhou et al. (2011) discussed, the asymptotic variance estimator could be unstable
for modest sample sizes and bootstrap for clustered data may need to be imple-
mented. Investigating highly stratified data would be an interesting future research
question. Recently Mao and Lin (2017) and Bellach et al. (2019) proposed semipara-
metric transformation models for independent competing risks data. They considered
a general class of functions for the cumulative subdistribution hazard function to han-
dle possibly non-proportional subdistribution hazards structure. The PSH model and
proportional subdistribution odds model can be handled as special cases. Although
their method is flexible, when the transformation function is not trivial, it may be
hard to interpret parameter estimates. Nonetheless, developing transformation mod-
els for clustered competing risks data would be a worthy future topic. The proposed
method is a marginal model. Another popular method to handle clustered data is a
random effects model. Developing a frailty model would be another important future
topic.

Supplementary information

The Supplementary Materials provide proofs for Theorems 3.1 to 3.3 and the asymp-
totic variances of the proposed estimators for β and Λ10j(t) when using Kaplan-Meier
estimates for censoring.
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Appendices

q
(1)
ijk(u) = − lim

nj→∞

(
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ τ

s=Xi′jk′

{
Zi′jk′ −

s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

}

× wCOX
i′jk′ (s)

exp(γ⊺
0Zi′jk′)I(u ≤ s)

s
(0)
Cj (γ0, u)

dM1
i′jk′(s)

+
1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

∫ τ

s=Xi′j′k′

{
Zi′j′k′ −

s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

}
wCOX

i′j′k′ (s)

× h⊺
Cj(s,Xi′j′k′ ,Zi′j′k′)Ω−1

C

{
Zijk −

s
(1)
Cj (γ0, u)

s
(0)
Cj (γ0, u)

}
dM1

i′j′k′(s)

)
,

hCj(t, u,Z) = eγ
T
0 Z

∫ t

s=u

{
Z −

s
(1)
Cj (γ0, s)

s
(0)
Cj (γ0, s)

}
dΛC0j(s),

q
(2)
ijk(s, t) = − lim

nj→∞

[
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ t

ν=Xi′jk′

exp{γ⊺
0Zi′jk′}I(s ≤ ν)

s
(0)
COX,j(β0, ν)s

(0)
Cj (γ0, s)

× wCOX
i′jk′ (ν)dMi′jk′(ν) +

1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

1

s
(0)
COX,j(β0, ν)

× h⊺
Cj(ν,Xi′j′k′ ,Zi′j′k′)Ω−1

C

{
Zijk −

s
(1)
Cj (γ0, s)

s
(0)
Cj (γ0, s)

}
dM1

i′j′k′(ν)

]
,

Σ̂F1j
(t) =

1

nj

{
exp

(
β̂⊺Z0 − Λ̂10j(t) exp(β̂

⊺Z0)
)}2 n∑

i=1

{
Ŵ

(1)
ij. (t) + Ŵ

(2)
ij. (t)

+ pjΛ̂10j(t)Z
⊺
0

(
Ω(β̂)

)−1 (
η̂COX
i.. + ψ̂COX

i..

)}2

,

Ŵ
(1)
ij. (t) = −πj(η̂COX

i.. + ψ̂COX
i.. )⊺

{
I1(β̂)/n

}−1
∫ t

0

(
S
(1)
COX,j(β̂, s)

S
(0)
COX,j(β̂, s)
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10j (s),
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(2)
ij. (t) = Φij

nij∑
k=1

{∫ t

0

ŵCOX
ijk (s)dM̂1

ijk(s)

S
(0)
COX,j(β̂, s)

+

∫ t

0

q̂
(2)
ijk(s, t)dM̂

C
ijk(s)

}
.

The estimates q̂
(1)
ijk(u), ĥCj(t, u,Z), q̂

(2)
ijk(s, t), η̂

COX
i.. and ψ̂COX

i.. are provided in the
Supplementary Materials.
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ABSTRACT
We provide proofs for Theorems 1 to 3. We also provide the asymptotic variances of
the proposed estimators for β and Λ10j(t) when using Kaplan-Meier estimates for
censoring.

1. Supplementary Materials

1.1. Proof of Theorem 1

Using similar arguments as in Kim et al. (2020), we have

ĜCj(t | Zijk)−GCj(t | Zijk)

= −GCj(t | Zijk)

nj

∫ τ

u=0

n∑
i′=1

Φi′j

ni′j∑
k′=1

eγ
⊺
0 ZijkI(u ≤ t)

s
(r)
Cj (γ0, u)

dMC
i′jk′(u)

− GCj(t | Zijk)

nj
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h⊺
Cj(t, 0,Zijk)Ω

−1
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n∑
i′=1

S∑
j′=1

Φi′j′

×
ni′j′∑
k′=1

{
Zi′j′k′ −

s
(1)

Cj′(β0C , s)

s
(0)

Cj′(β0C , s)

}
dMC

i′j′k′(u) + op(n
−1/2
j ),

(1)

where

hCj(t, u,Z) = eγ
⊺
0 Z

∫ t

s=u

{
Z −

s
(1)
Cj (γ0, s)

s
(0)
Cj (γ0, s)

}
dΛC0j(s).
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Using (1), we have

ĜCj(t | Zijk)

ĜCj(Xijk ∧ t | Zijk)
− GCj(t | Zijk)

GCj(Xijk ∧ t | Zijk)

= I(Xijk < t)
GCj(Xijk | Zijk){ĜCj(t | Zijk)−GCj(t | Zijk)}
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Hence,

ŵCOX
ijk (t)− wCOX

ijk (t)

= −I(Cijk ≥ Tijk ∧ t)I(Xijk < t)
GCj(t | Zijk)

GCj(Xijk | Zijk)

1

nj
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(2)

Denote Un,COX(β) = 1/n×UCOX(β). By Foutz (1977), if

(C1) ∂Un,COX(β)/∂β⊺ exists and is continuous in an open neighborhood B of β0,
(C2) −∂Un,COX(β)/∂β⊺

0 converges to Ω(β0) which is positive definite,
(C3) Un,COX(β) converges to 0 in probability,

then, β̂ converges to β0 in probability. Clearly ∂Un,COX(β)/∂β⊺ exists and

S
(r)
COX,j(β, t) is continuous for r = 0, 1, 2 by (A9). Therefore, (C1) is satisfied. Con-

dition (C2) is satisfied by (A6). Now we need to show (C3). By (A10), the score
function evaluated at β0 is

2



UCOX(β0)

=

n∑
i=1

 S∑
j=1

Φij

nij∑
k=1

∫ τ

0

{
Zijk −

S
(1)
COX,j(β0, u)

S
(0)
COX,j(β0, u)

}
ŵCOX

ijk (u)dM1
ijk(u)


=

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

{
Zijk −

S
(1)
COX,j(β0, u)

S
(0)
COX,j(β0, u)

}
wCOX

ijk (u)dM1
ijk(u)

+

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

{
Zijk −

S
(1)
COX,j(β0, u)

S
(0)
COX,j(β0, u)

}{
ŵCOX

ijk (u)− wCOX
ijk (u)

}
dM1

ijk(u)

=

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

{
Zijk −

s
(1)
COX,j(β0, u)

s
(0)
COX,j(β0, u)

}
wCOX

ijk (u)dM1
ijk(u)

+

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

{
Zijk −

S
(1)
COX,j(β0, u)

S
(0)
COX,j(β0, u)

}{
ŵCOX

ijk (u)− wCOX
ijk (u)

}
dM1

ijk(u)

+ oP (n
1/2).

(3)

Using (2), the second term of the last equation of (3) is asymptotically equivalent
to

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

q
(1)
ijk(t)dM

C
ijk(t),

where

q
(1)
ijk(u) = − lim

nj→∞

(
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ τ

s=Xi′jk′

{
Zi′jk′ −

s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

}

× wCOX
i′jk′ (s)

exp(γ⊺
0Zi′jk′)I(u ≤ s)

s
(0)
Cj (γ0, u)

dM1
i′jk′(s)

+
1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

∫ τ

s=Xi′j′k′

{
Zi′j′k′ −

s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

}
wCOX

i′j′k′(s)

× h⊺
Cj(s,Xi′j′k′ ,Zi′j′k′)Ω−1

C

{
Zijk −

s
(1)
Cj (γ0, u)

s
(0)
Cj (γ0, u)

}
dM1

i′j′k′(s)

)
.

Therefore, (3) becomes

1√
n
UCOX(β0) =

1√
n

n∑
i=1

(
ηCOX
i.. +ψCOX

i..

)
+ oP (1),

where

ηCOX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫∫∫ τ

0

{
Zijk −

s
(1)
COX,j(β0, u)

s
(0)
COX,j(β0, u)

}
wCOX

ijk (u)dM1
ijk(u),

ψCOX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

q
(1)
ijk(u)dM

C
ijk(u).

3



Since ηCOX
i.. and ψCOX

i.. are i.i.d. zero mean variables, Un,COX(β) converges to 0

in probability by the law of large numbers. Hence, (C3) is satisfied. Therefore, β̂

converges in probability to β0. Assume, β∗ lies between β̂ and β0. By the mean
value theorem,

UCOX(β0) =
∂UCOX(β0)

∂β0
|β∗ (β̂ − β0) = I1(β

∗)(β̂ − β0),

where I1(β
∗) = −∂UCOX(β0)/∂β0 |β∗ . Therefore,

n1/2(β̂ − β0) = {n−1I1(β
∗)}−1n−1/2UCOX(β0).

Since β̂
p−→ β0, ∥β∗ − β0∥ ≤ ∥β̂ − β0∥ implies β∗ p−→ β0, and n−1I1(β0) → Ω(β0)

by (A6),

n1/2(β̂ − β0) = {Ω(β0)}−1 n−1/2UCOX(β0) + op(1)

= {Ω(β0)}−1 1√
n

n∑
i=1

(
ηCOX
i.. +ψCOX

i..

)
+ oP (1).

(4)

By the multivariate central limit theorem, n1/2(β̂−β0) converges to a multivariate
normal distribution with mean 0 and covariance matrix

{Ω(β0)}−1 Σ {Ω(β0)}−1 ,

where

Σ = E

{(
ηCOX
1.. +ψCOX

1..

)⊗ 2
}
.

The estimator of the covariance matrix is{
I1(β̂)

n

}−1
1

n

n∑
i=1

(
η̂COX
i.. + ψ̂COX

i..

)⊗ 2
{
I1(β̂)

n

}−1

,

where

I1(β̂) =

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

VCOX,j(β̂; t)ŵ
COX
ijk (t)dN1

ijk(t),

VCOX,j(β̂; t) =
S

(2)
COX,j(β̂, t)

S
(0)
COX,j(β̂, t)

−

(
S

(2)
COX,j(β̂, t)

S
(0)
COX,j(β̂, t)

)⊗
2

,

η̂COX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫∫∫ τ

0

{
Zijk −

S
(1)
COX,j(β̂, u)

S
(0)
COX,j(β̂, u)

}
ŵCOX

ijk (u)dM̂1
ijk(u),

dM̂1
ijk(t) = dN1

ijk(t)−
∫ t

0

Y 1
ijk(u)e

β̂⊺ZijkdΛ̂10j(u),

dΛ̂10j(t) =
1

nj

1

S
(0)
COX,j(β̂, t)

n∑
i=1

Φij

nij∑
k=1

ŵCOX
ijk (t)dN1

ijk(t),

ψ̂COX
i.. =

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

q̂
(1)
ijk(u)dM̂

C
ijk(u),

4



where

q̂
(1)
ijk(u) = − lim

nj→∞

(
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ τ

s=Xi′jk′

{
Zi′jk′ −

S
(1)
COX,j(β̂, s)

S
(0)
COX,j(β̂, s)

}

× wCOX
i′jk′ (s)

exp{γ̂⊺Zi′jk′}I(u ≤ s)

s
(0)
Cj (γ0, u)

dM̂1
i′jk′(s)

+
1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

∫ τ

s=Xi′j′k′

{
Zi′j′k′ −

S
(1)
COX,j(β̂, s)

S
(0)
COX,j(β̂, s)

}
ŵCOX

i′j′k′(s)

× ĥ⊺
Cj(s,Xi′j′k′ ,Zi′j′k′)Ω̂−1

C

{
Zijk −

S
(1)
Cj (γ̂, u)

S
(0)
Cj (γ̂, u)

}
dM̂1

i′j′k′(s)

)
,

ĥCj(t, u,Z) = eγ̂
⊺Z

∫ t

s=u

{
Z −

S
(1)
Cj (γ̂, s)

S
(0)
Cj (γ̂, s)

}
dΛ̂C0j(s),

Ω̂C =

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

VCj(γ̂; t)dN
C
ijk(t),

VCj(γ̂, t) =
S

(2)
Cj (β̂, t)

S
(0)
Cj (β̂, t)

−

(
S

(2)
Cj (β̂, t)

S
(0)
Cj (β̂, t)

)⊗
2

,

dM̂C
ijk(t) = dNC

ijk(t)−
∫ t

0

Y C
ijk(u)e

γ̂⊺ZijkdΛ̂C0j(u),

dΛ̂C0j(t) =
1

nj

1

S
(0)
Cj (γ̂, t)

n∑
i=1

Φij

nij∑
k=1

dNC
ijk(t).

Proof of Theorem 2

After some algebra, we have

√
nj

{
Λ̂10j(t)− Λ10j(t)

}
=

1
√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

{
1

S
(0)
COX,j(β̂, s)

− 1

S
(0)
COX,j(β0, s)

}
ŵCOX

ijk (s)dN1
ijk(s)

+
1

√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

ŵCOX
ijk (s)dM1

ijk(s)

S
(0)
COX,j(β0, s)

.

(5)

By the consistency of β̂ and (A10), (5) converges to zero in probability uniformly

in t ∈ [0, τ ]. Using mean value theorem β∗ ∈ [β̂,β0],

∂S
(0)
COX,j(β, s)

−1

∂β
|β∗=

S
(0)
COX,j(β̂, s)

−1
− S

(0)
COX,j(β0, s)

−1

β̂ − β0

.

Therefore,

1

S
(0)
COX,j(β̂, s)

− 1

S
(0)
COX,j(β0, s)

= −(β̂ − β0)
S

(1)
COX,j(β

∗, s)

S
(0)
COX,j(β

∗, s)2
. (6)

5



Plugging (6) into (5),

√
nj

{
Λ̂10j(t)− Λ10j(t)

}
=

1
√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

−(β̂ − β0)
S

(1)
COX,j(β

∗, s)

S
(0)
COX,j(β

∗, s)2
ŵCOX

ijk (s)dN1
ijk(s)

+
1

√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

ŵCOX
ijk (s)dM1

ijk(s)

S
(0)
COX,j(β0, s)

.

(7)

We have β∗ P→ β0. In addition, S
(0)
COX,j(β

∗, s) and S
(1)
COX,j(β

∗, s) are bounded away

from zero. Therefore, the first term of (7) can be written as

−
∫ t

0

(
S

(1)
COX,j(β0, s)

S
(0)
COX,j(β0, s)

)⊺

(β̂ − β0)
1

√
nj

n∑
i=1

Φij

nij∑
k=1

ŵCOX
ijk (s)dN1

ijk(s)

S
(0)
COX,j(β0, s)

+ oP (1)

= −
∫ t

0

(
S

(1)
COX,j(β0, s)

S
(0)
COX,j(β0, s)

)⊺

(β̂ − β0)
√
njdΛ10j(s) + oP (1).

(8)

Using (4), (8) can be written as

−
∫ t

0

(
S
(1)
COX,j(β0, s)

S
(0)
COX,j(β0, s)

)⊺

{Ω(β0)}−1
√
nj

n

n∑
i=1

(
ηCOX
i.. +ψCOX

i..

)
dΛ10j(s) + oP (1). (9)

Now, consider the second term of (7),

1
√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

ŵCOX
ijk (s)dM1

ijk(s)

S
(0)
COX,j(β0, s)

=
1

√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

wCOX
ijk (s)dM1

ijk(s)

S
(0)
COX,j(β0, s)

+
1

√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

{
ŵCOX

ijk (s)− wCOX
ijk (s)

}
dM1

ijk(s)

S
(0)
COX,j(β0, s)

.

(10)

Using similar arguments as before, (10) becomes

1
√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

wCOX
ijk (s)dM1

ijk(s)

S
(0)
COX,j(β0, s)

+
1

√
nj

n∑
i=1

Φij

nij∑
k=1

∫ t

0

q
(2)
ijk(s, t)dM

C
ijk(s) + oP (1),

(11)

where

q
(2)
ijk(s, t) = − lim

nj→∞

[
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ t

ν=Xi′jk′

exp{γ⊺
0Zi′jk′}I(s ≤ ν)

s
(0)
COX,j(β0, ν)s

(0)
Cj (γ0, s)

× wCOX
i′jk′ (ν)dMi′jk′(ν) +

1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

1

s
(0)
COX,j(β0, ν)

× h⊺
Cj(ν,Xi′j′k′ ,Zi′j′k′)Ω−1

C

{
Zijk −

s
(1)
Cj (γ0, s)

s
(0)
Cj (γ0, s)

}
dM1

i′j′k′(ν)

]
.

6



Using (9) and (11),

√
nj

{
Λ̂10j(t)− Λ10j(t)

}
=

1
√
nj

{
n∑

i=1

(
W

(1)
ij. (t) +W

(2)
ij. (t)

)}
+ oP (1), (12)

where

W
(1)
ij. (t) = −πj(η

COX
i.. +ψCOX

i.. )⊺ {Ω(β0)}−1

∫ t

0

(
s
(1)
COX,j(β0, s)

s
(0)
COX,j(β0, s)

)
dΛCOX

10j (s),

W
(2)
ij. (t) = Φij

nj∑
k=1

{∫ t

0

wCOX
ijk (s)dM1

ijk(s)

s
(0)
COX,j(β0, s)

+

∫ t

0

q
(2)
ijk(s, t)dM

C
ijk(s)

}
.

Because nij is bounded, by a similar argument to the proof of Theorem 3 of
Spiekerman and Lin (1998) using the uniform metric, we can show the tightness

of
√
nj

{
Λ̂10j(t)− Λ10j(t)

}
. Thus,

√
nj

{
Λ̂10j(t)− Λ10j(t)

}
converges weakly to a

mean zero Gaussian process with variance E

{(
W

(1)
1j. +W

(2)
2j.

)2}
which can be es-

timated by

1

nj

n∑
i=1

{
Ŵ

(1)
ij. (t) + Ŵ

(2)
ij. (t)

}2

,

where

Ŵ
(1)
ij. (t) = −πj(η̂

COX
i.. + ψ̂COX

i.. )⊺
{
I1(β̂)/n

}−1
∫ t

0

(
S
(1)
COX,j(β̂, s)

S
(0)
COX,j(β̂, s)

)
dΛ̂COX

10j (s),

Ŵ
(2)
ij. (t) = Φij

nij∑
k=1

{∫ t

0

ŵCOX
ijk (s)dM̂1

ijk(s)

S
(0)
COX,j(β̂, s)

+

∫ t

0

q̂
(2)
ijk(s, t)dM̂

C
ijk(s)

}
,

q̂
(2)
ijk(s, t) = − lim

nj→∞

[
1

nj

n∑
i′=1

Φi′j

ni′j∑
k′=1

∫ t

ν=Xi′jk′

exp{γ̂⊺Zi′jk′}I(s ≤ ν)

S
(0)
COX,j(β̂, ν)S

(0)
Cj (γ̂, s)

× ŵCOX
i′jk′ (ν)dM̂i′jk′(ν) +

1

n

n∑
i′=1

S∑
j′=1

Φi′j′

ni′j′∑
k′=1

1

S
(0)
COX,j(β̂, ν)

× ĥ⊺
Cj(ν,Xi′j′k′ ,Zi′j′k′)(Ω̂C/n)

−1

{
Zijk −

S
(1)
Cj (γ̂, s)

S
(0)
Cj (γ̂, s)

}
ŵCOX

i′jk′ (ν)dM̂1
i′j′k′(ν)

]
.

Proof of Theorem 3

We have

√
nj{Λ̂10j(t) exp(β̂

⊺Z0)− Λ10j(t) exp(β
⊺
0Z0)}

=
√
nj{Λ̂10j(t) exp(β

⊺
0Z0)− Λ10j(t) exp(β

⊺
0Z0)}

+
√
nj{Λ̂10j(t) exp(β̂

⊺Z0)− Λ̂10j(t) exp(β
⊺
0Z0)}.

(13)

7



Consider the first term of (13) and using (12),

√
nj exp(β

⊺
0Z0){Λ̂10j(t)− Λ10j(t)}

=
1

√
nj

exp(β⊺Z0)

{
n∑

i=1

(
W

(1)
ij. (t) +W

(2)
ij. (t)

)}
+ oP (1).

Now consider the second term of (13) and using the functional delta method,

√
nj{Λ̂10j(t) exp(β̂

⊺Z0)− Λ̂10j(t) exp(β
⊺
0Z0)}

=
√
njΛ̂10j(t){exp(β̂⊺Z0)− exp(β⊺

0Z0)}

=
√
njΛ̂10j(t) exp(β

⊺Z0)Z
⊺
0 {Ω(β0)}−1 1

n

n∑
i=1

(
ηCOX
i.. +ψCOX

i..

)
+ oP (1).

Therefore, the variance of
√
nj{Λ̂10j(t) exp(β̂

⊺Z0)− Λ10j(t) exp(β
⊺
0Z0)} can be es-

timated by

1

nj

{
exp(β̂⊺Z0)

}2
n∑

i=1

{
Ŵ

(1)
ij. (t) + Ŵ

(2)
ij. (t) + pjΛ̂10j(t)Z

⊺
0

(
Ω(β̂)

)−1

(
η̂COX
i.. + ψ̂COX

i..

)}2

.

Hence, using the functional delta method, the estimated variance Σ̂F1j (t) of
√
nj{F̂1j(t | Z0)− F1j(t | Z0)} is

1

nj

{
exp

(
β̂⊺Z0 − Λ̂10j(t) exp(β̂

⊺Z0)
)}2

n∑
i=1

{
Ŵ

(1)
ij. (t) + Ŵ

(2)
ij. (t)

+ pjΛ̂10j(t)Z
⊺
0

(
Ω(β̂)

)−1 (
η̂COX
i.. + ψ̂COX

i..

)}2

.

Asymptotics using Kaplan-Meier estimates for censoring

The consistency and the asymptotic normality of β̂KM and Λ̂KM
10j (t) using ŵKM

ijk can
be shown similarly to the proofs of Theorems 1 and 2. Thus, we only provide the final

asymptotic formula. We have n1/2(β̂KM − β0) converges to a normal distribution
with mean 0 and covariance matrix

{ΩKM (β0)}−1 ΣKM {ΩKM (β0)}−1 ,

where

ΣKM =

n∑
i=1

E

{(
ηKM
i.. +ψKM

i..

)⊗ 2
}
.

The estimate of the covariance matrix is{
IKM (β̂KM )

n

}−1
1

n

n∑
i=1

(
η̂KM
i.. + ψ̂KM

i..

)⊗ 2
{
IKM (β̂KM )

n

}−1

,

8



where

IKM (β̂KM ) =

n∑
i=1

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

VKM,j(β̂
KM , t)ŵKM

ijk (t)dN1
ijk(t),

VKM,j(β̂
KM , t) =

S
(2)
KM,j(β̂

KM , t)

S
(0)
KM,j(β̂

KM , t)
−

(
S

(2)
KM,j(β̂

KM , t)

S
(0)
KM,j(β̂

KM , t)

)⊗
2

,

S
(r)
KM,j(β̂

KM , t) =
1

nj

n∑
i=1

Φij

nij∑
k=1

ŵKM
ijk (t)Y 1

ijk(t)Z
⊗

r
ijk exp(β̂KM⊺Zijk ), r = 0, 1, 2,

η̂KM
i.. =

S∑
j=1

Φij

nij∑
k=1

∫∫∫ τ

0

{
Zijk −

S
(1)
KM,j(β̂

KM , u)

S
(0)
KM,j(β̂

KM , u)

}
ŵKM

ijk (u)dM̂1
KM,ijk(u),

dM̂1
KM,ijk(t) = dN1

ijk(t)−
∫ t

0

Y 1
ijk(u)e

β̂
KM⊺Zijk

dΛ̂KM
10j (u),

dΛ̂KM
10j (t) =

1

nj

1

S
(0)
KM,j(β̂, t)

n∑
i=1

Φij

nij∑
k=1

ŵKM
ijk (t)dN1

ijk(t),

ψ̂KM
i.. =

S∑
j=1

Φij

nij∑
k=1

∫ τ

0

q̂
(1)
KM,j(u)

ζj(u)
dM̂C

KM,ijk(u),

q̂
(1)
KM,j(u) = − lim

nj→∞

(
1

nj

n∑
i=1

Φij

nij∑
k=1

∫ τ

s=Xijk

{
Zijk −

S
(1)
KM,j(β̂

KM , s)

S
(0)
KM,j(β̂

KM , s)

}

ŵKM
i′jk′(t)dM̂1

KM,i′jk′(s)I(s ≥ u > Ti′jk′)

)
,

dM̂C
KM,ijk(t) = dNC

ijk(t)−
∫ t

0

Y 1
ijk(u)dΛ̂

C
KM,10j(u),

ζj(u) = lim
n→∞

1

nj

n∑
i=1

Φij

nij∑
k=1

Y 1
ijk(u),

dΛ̂C0j(t) =
1

nj

1

ζj(u)

n∑
i=1

Φij

nij∑
k=1

dNC
ijk(t).

Now, we provide the asymptotic formula for cumulative baseline hazard function.

Λ̂KM
10j (t) is a consistent estimator for ΛKM

10j (t) for t ∈ [0, τ ] and
√
nj{Λ̂KM

10j (t) −
ΛKM

10j (t)} converges weakly to a zero mean Gaussian process with the variance

ΣΛKM
10j

(t) = E

{(
W

(1)
KM,ij.(t) +W

(2)
KM,ij.(t)

)2}
, where

W
(1)
KM,ij.(t) = −πj(η

KM
i.. +ψKM

i.. )⊺ΩKM (β0)
−1

∫ t

0

(
s
(1)
KM,j(β0, s)

s
(0)
KM,j(β0, s)

)
dΛKM

10j (s),

W
(2)
KM,ij.(t) = Φij

nij∑
k=1

{∫ t

0

wKM
ijk (s)dM1

KM,ijk(s)

s
(0)
KM,j(β0, s)

+

∫ t

0

q
(2)
KM,j(s, t)dM

C
KM,ijk(s)

}
.
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The variance can be estimated by

Σ̂ΛKM
10j

(t) =
1

nj

n∑
i=1

{
Ŵ

(1)
KM,ij.(t) + Ŵ

(2)
KM,ij.(t)

}2

,

where

Ŵ
(1)
KM,ij.(t) = −πj(η̂

KM
i.. + ψ̂KM

i.. )⊺(IKM (β̂KM )/n)−1

∫ t

0

(
S

(1)
KM,j(β̂

KM , s)

S
(0)
KM,j(β̂

KM , s)

)
dΛ̂KM

10j (s),

Ŵ
(2)
KM,ij.(t) = Φij

nij∑
k=1

{∫ t

0

ŵKM
ijk (s)dM̂1

KM,ijk(s)

S
(0)
KM,j(β̂

KM , s)

+

∫ t

0

q̂
(2)
KM,j(s, t)dM̂

C
KM,ijk(s)

}
,

q̂
(2)
KM,j(s, t) = lim

nj→∞

[
− 1

nj

n∑
i′=1

Φi′j

ni′j′∑
k′=1

ŵKM
i′jk′(ν)

S
(0)
KM,j(β̂

KM , ν)
dM̂1

i′jk′(ν)

]
.
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