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ABSTRACT

The results of a Monte Carlo study of the size and power of parametric and semi-
parametric approaches to inference on covariate effectsin survival (time-to-events) models
in the presence of model misspecification and an independent censoring mechanism are
reported. Basic models employed are a parametric model, where both a baseline
distribution and the dependence structure of covariates on the failure times are fully
specified (exponential, Weibull, log logistic, log normal, and normal regression models are
studied), and a semi-parametric approach (due to Cox) in which the baseline distribution is
unspecified. The Cox model performs very well compared to the parametric models for
distributions with proportional hazard rates and appears to be robust with regard to the
proportional hazard assumption. Appropriate parametric models have the potential of
improving the size and power of the tests, although overall they are not appreciably better
than the Cox model. In comparing the small sample performance of three statistical tests,
the likelihood ratio and Wald tests closely agree with each other (likelihood ratio having a
dight advantage), while the score test tends to perform much poorer sinceit inflates the size
and power more than the other two.
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1. INTRODUCTION

Of primary interest in scientific research is the investigation of the relationship between
covariates, such as treatment or subject characteristics (possibly risk factors), and the time
to occurrence of an event such as death, disease recurrence or cure. Through aregression
model, in which the lifetimes have a distribution depending upon the covariates, we can
examine the association between selected concomitant variables and the lifetimes. Two
major approaches to the regression problem have been suggested. These are the parametric
approach, where both a baseline distribution and the dependence structure of covariates on
the failure time are fully specified, and the semi-parametric approach in which we construct
aregression model without the specification of abaseline distribution. Both approaches are
available in many standard statistical packages such as SAS. The objective of this study is
to compare the performance of these two approaches for a variety of underlying
distributions, censoring proportions, and sample sizes.

Although the large sample properties of the tests for covariate effects for the models
discussed in this paper have been studied, their performance for small samples, astypicaly
encountered in practice, has not been thoroughly investigated. In addition, the behavior of
these statistics when the model is misspecified isnot clear. Johnson et a. (1982) examined
the small sample performances of the maximum partial likelihood estimators derived using
the Cox model when there is Type Il censoring and the covariate model is misspecified.
Lagakos and Schoenfeld (1984), and Lagakos(1988) investigated the properties of
proportional hazards score tests under misspecification of the functional form of the
regression portion of the Cox model. Solomon (1984) and Struthers and Kalbfleisch
(1986) studied the properties of an estimator based on a proportional hazards model when
the true model is an accelerated failure time model. However, the size (or significance
level) and the power of the likelihood ratio, score and Wald test statistics involving
independent censoring under a variety of hazard distributions have not been evaluated for
either the Cox or parametric models. Nor have the small sample size power of the
statistical tests for the parametric regression models been examined when the model is
incorrect. Lee, et al. (1983) evaluated the small sample performance of the three tests
discussed in this paper, along with two other adjusted score statistics, under the Cox model
in the presence of multiple covariates and censoring based on 1000 simulated samples of
size n = 50 from the exponential distribution. Peace and Flora (1978) assessed size and



power of the likelihood ratio and Wald tests for the Cox, exponential, Weibull, and
Gompertz models given that the model is correctly specified for samples of size n = 25, 50
and 100. Lininger, et a. (1979) studied the size and power of the Mantel-Haenszel test
(with and without continuity correction), the generalized Gehan test, and the Cox likelihood
ratio test under a variety of sample sizes and censoring schemes. In this report, a
comparison of the small sample properties of the likelihood ratio, the score and the Wald
statistics, as well as a comparison of the parametric and semi-parametric procedures as
applied to hypothesistesting for covariates in survival models, will be made.

Section 2 introduces the estimation procedures employed in this study. The assumed
models and underlying distributions for survival are described in Section 3. The simulation
procedure is described in detail in Section 4. In Sections 5 and 6, we report the results of a
Monte Carlo study of the size and power of the parametric and semi-parametric approaches
to inference on covariate effects in the presence of model misspecification and an
independent censoring mechanism.

In summary, our interest in this research has been focused on the following specific
guestions:

(i) How sensitive is the test of the null hypothesis of no covariate effect, based on
parametric analyses, to model misspecification?

(if) How robust is this test when made using Cox's proportional hazards model when
the underlying distribution does not have proportional hazards?

(ii1) Which test statistic, the likelihood ratio (LR), score (SC), or Wald (WA) statisticis
more efficient?

(iv) What are the effects of censoring?
Finally, Section 7 includes a discussion and summary of our results.

2. PARAMETRIC AND SEMI-PARAMETRIC ESTIMATION
PROCEDURES

The proportional hazards and accelerated failure time classes of regression models are
commonly used in the analysis of survival data. For the proportional hazards model, the
hazard rates of individuals with different explanatory variables are proportional to each
other. Herethereis abaseline hazard, hg(x), corresponding to a standard condition and the
explanatory variables, z, act multiplicatively on the baseline hazard. That is, the effect of
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the covariatesisto increase or decrease the hazard. Thus, the proportional hazards model
is defined by h( x; z) = hg(x) exp(z). For the accelerated failure time model, the
explanatory variables act multiplicatively on a baseline time Xg so that their effect in this
case isto accelerate or decelerate the failure time X, namely, X = Xoexp([3z), so that the
log lifetime follows a linear model: logX =3 z + E, where E = logXg is an error random
variable.

Both the proportional hazards and accelerated life models require two model
assumptions, namely,

(1) abasdine distribution where the standard condition holds; and

(2) afunctional form for the dependency of the lifetime on the covariates, often in

terms of some parametric model.
In this paper, we examine two approaches to regression models: a fully parametric
approach where those two parts are explicitly specified and a semi-parametric approach
where only (2) isidentified.

The standard approach to inference for parametric regression models is the maximum
likelihood method. Here, if we observe a subject who failed at time t, then the contribution
to the likelihood isf(t ; © , z), the density function at t. The contribution from a subject
censored at tis S(t ; 6, z), the probability of survival beyond t. Thus the full likelihood
based on the data (tj , &j, zj ), i = 1,....,n, is (c.f. Lawless, 1982)

n
L(8)=[] f(ti;6,2)% S(t ; 6, z)* 7, (2.2)
1=1

where §j's are event indicator variables: & = 1 if the ith subject failed; & = 0 if the ith
subject is censored, 6 is a parameter that indexes the density function, and z; are the
covariates for the ith subject.

Cox (1972) proposed a semiparametric inference procedure for the proportiona hazards
model. He suggested a partia likelihood:

n
L(B) = []%i exp(B zi) ] 22
® ﬂ LIS exp(p z)J 22
Horw)



where R(tj) istherisk set at timetj. The semi-parametric estimation techniques of this
paper will be based on Cox's partial likelihood.
3. ASSUMED MODELS AND UNDERLYING DISTRIBUTIONS OF

SURVIVAL.

In the simulation study, described in Section 4, we consider a single-covariate
regression problem. We assume that the dichotomous covariate, z, equals 1 for treatment
and -1 for control. We investigated five fully parametric regression models (the
exponential, Weibull, log logistic, log normal, and normal) and Cox's semiparametric
regression model because these models are widely applied in practice (partly because of
their availability in SAS), often without checking the model assumptions. These models
are the "assumed" models in the Monte Carlo experiments.

We briefly review these models.

(1) Cox proportional hazardsmodel: h(x; z) = hg(x) eBZ, x>0 where hg(.) isany
arbitrary nonnegative function.

(2) Exponential regression model: h (x;z2)=AePZ A>0 , x>0 where the
baseline hazard function remains constant.

(3) Weibull regressionmodel: h (x;2) =ApxP-1eBz A ,p>0, x>0 .

The baseline hazard rate increases with time when p > 1 and decreaseswhen p < 1.
Note that both the exponential and Weibull regression models can be written as accelerated
failure time models with extreme value errors.

(4) Log logistic regression model: Y =1log X = p + Bz + cE ,where E follows a
standard logistic distribution. Here the baseline hazard function is monotone decreasing,
for o =1, and, for 0 < 1, increases initially to a maximum, then decreases to zero astime
approaches infinity .

(5) Log normal regression model: Y =log X = 1 + Bz + oE, where E has a standard
normal distribution. For all log normal distributions, the hazard function is hump-shaped.
That is, h(x) increases from 0 to a maximum, then declines to O monotonically asx — oo.
However, for 0 < 0.2, h(x) increases over most of the distribution. For o = 0.8,h(x)
decreases over most of the distribution.



(6) Normal regression model: X = p + 3z + oE , where E has a standard normal
distribution, and the hazard function is strictly increasing. For this reason, the normal
distribution may be appropriate for the life of products with wear-out types of failure.

Our primary concern is inference on the regression coefficient . We consider the
hypothesis tests for Hp: B = O based on the likelihood function (2.1) (or based on the
partial likelihood (2.2) for the Cox model.) Three large sample test statistics widely used in
applications are the score statistic (defined as the quadratic form based on the efficient score
vector and the observed information matrix computed using the maximum likelihood
estimates (mle) under the restricted model with 3 =0), Wald's statistic (defined as the
quadratic form based on the mle and the covariance matrix computed under the full model),
and the likelihood ratio statistic (defined as twice the log of the ratio of the likelihood under
the full model to that under the restricted model).  (See Lawless (1982) for more complete
and precise definitions of the test statistics.) Each of these statistics has an asymptotically
chi squared distribution under Ho.

There is no absolute criterion to determine which of these procedures gains superiority
over the others. However, many authors [e.g., Kalbfleisch and Prentice (1980) and
Lawless (1982)] have pointed that the distribution of the likelihood ratio statistic often
appears to reach its limiting distribution more rapidly than the other two statistics. In
addition, the likelihood ratio statistic has the invariance property that the test result is
independent of the choice of parameterization.

Generally speaking, the likelihood ratio statistic is more efficient than the othersif the
model is correctly specified. Nevertheless, the properties of these statistics are still not
very clear if the model is misspecified or if the sample sizeis small.

For the Cox model, we use the bisection method to solve the score equation for 3 and
perform the likelihood ratio (LR), score (SC), and Wald (WA) tests of Hp: 3 = 0 based on
the partial likelihood (2.2). For the exponential model where there exists a closed form
solution for the nuisance parameter, we use the bisection method to search for the root of
B. We applied the Marquart's method (David and Moeschberger, 1978) to solve the score
equations for the Weibull and log logistic models. We use the EM algorithm procedure
(Lawless, 1982) to search for the maximum likelihood estimates for the log normal and
normal models.



These algorithms are stopped and considered to have converged to a stationary point
when the change in the log likelihood is less than 0.01 or when the maximum change in the
parameter estimatesisless than 0.001.

In this simulation study, we have generated failure time data from several survival
distributions, referred to as the underlying distributions. The underlying distributions used
are the five parametric regression distributions described earlier in this section and the

(a) Log Laplace distribution, a member of the nonproportional hazards family,

Y =log X = u + Bz + oE, where E has a L aplace distribution with density function
f(e) =V2exp(-|€]), —0<g<o
(b) Gamma distribution, a member of the nonproportional hazards family, Y =logX =
M+ Bz + E,where E has alog gamma distribution with density
f(e) = UI'(k) exp(ke -e€) , k>0, -0 <g< oo,
When k =1, f(g) isthe standard extreme value distribution.
(c) Gompertz distribution (Elandt-Johnson and Johnson, 1980)
h(x; z) =exp(A +yx +B2),A ,y>0,x=0.
The Gompertz regression model is amember of the proportional hazards family.
(d) Exponentia power distribution (Smith and Bain, 1975)

h(x; 2) = (y/ aY) x\-Texp[(x/a)Y] eBZ y, a>0x=0.
The Smith-Bain regression model is another member of the proportional hazards family.
Here, a isascale parameter. The baseline hazard function is strictly increasing if y= 1; it
allows for a bathtub shaped form if y < 1. Also the hazard function is exponentially
increasing for large x.

4. SIMULATION PROCEDURE

We have written FORTRAN subroutines on the Cray Y-MP machine to estimate the
single-covariate effect and to perform the likelihood ratio, score, and Wald tests of Hp: =0
for the assumed models [models (1)-(6) of Section 3]. We compared the size and power of
these three statistics for the six assumed models, when estimation is based on a sample of
size 40 or 100, with 0%, 20% or 40% censoring, and a dichotomous covariate. To study
the size of the tests, we set 3 = 0. For each combination of sample size and censoring
fraction, the estimated size of the test is based on 5000 simulated samples. To study



power, we choose alternatives 3 = 0.20, 0.35, 0.55 and 0.70. Each power estimate is
based on 1000 simulated samples.

We suppose each individual has alifetime X and acensoring timeL, where X and L are
independent continuous random variables. We assume that X follows one of the
underlying distributions, and L has an exponential distribution with parameter Ap. For a
given censoring percentage P and failure time distribution with density, fx(x), we solved

iteratively for ApinP=100[ Pr(L <x)] = 100 f[ 1- e M ] fy(x) dx. (SeeLi (1991) for

more detail on the numerical value of A based on different failure time distributions and 20
and 40 percent censoring.)

The failure and the censoring times (except for the normal, log normal and gamma
variates) were generated from the uniform 0-1 congruential generator function RANF
available on the Cray computers. For each subject we generated two independent variates
X and Lp. The min (X, Lp) represents the observed time of that subject corresponding to
an expected percentage censorship, P.

In the Monte Carlo studies, we use RNNOA routinein IMSL, where an acceptance and
rejection technique (Kinderman and Ramage, 1976) is used, to generate pseudo random
numbers from a standard normal distribution. RNGAM routine is called to generate
variates from Gamma (k) in which squared and halved normal deviates are used for
K = 0.5 and a ten-region rejection procedure developed by Schmeiser and Lal (1980) is
used for kK = 2. We apply the general inverse-transform method to simulate the Weibull,
log logistic, log Laplace, Gompertz and Smith-Bain random variables from the RANF
U(0,1) random number generator on the Cray Y-MP computer. A more complete
description of the algorithms used to generate the underlying distributions may be found in
Li (1991).

5. SIZE CONSIDERATIONS.

We first investigate the hypothesis-testing properties by means of a'size' comparison.
With the assumption of asymptotic normality and a nominal 5% significance level, the
'size' in the Monte Carlo simulation is defined as the fraction of replications for which the
chi-sguared test statistic (LR, SC or WA) is greater than 3.841. We compare the precision
of estimates for the six models and the three types of tests by counting the number of times



that the observed sizes fall above or below the symmetric 99.88% probability interval
(0.040, 0.060) .

The Cox model appears to maintain the nominal significance level well. In only 2 out
of 114 independent experiments utilizing the partial likelihood ratio test and the Wald test,
the observed sizes fall above the 99.88% probability interval, and no observation falls
below the interval in our experiments. The Scores test does poorer, relative to the partial
likelihood ratio test and the Wald test, in that in 12 out of 114 independent experiments the
observed sizes fall above the probability interval. For other models, excluding the
exponential, all three tests tend to overestimate size with the scores test overestimating more
severely than the likelihood ratio or the Wald tests.

Here, due to space consideration, we present only partial simulation results (see
TABLE 5.1) for selected underlying distributions representative of avariety of hazard rates
with n =40. More complete results may be found in Li (1991) and Li, et a (1993).

[Table 5.1 here]

More specifically, the results for selected underlying distributions categorized by type
of hazard rate, sample size = 40, and censoring fractions of 0%, 20%, and 40% are
presented for the likelihood ratio, scores, and Wald tests for the six assumed models in
Table 5.1.

Overall, one can easily see that the exponential model performs poorly for al tests and
all underlying distributions except for the case of no misspecification, namely, in the case
of constant hazard rate. Further examination of the specific models reveals that the
exponential model substantially overestimates the nominal 5% level when the hazard rateis
decreasing or bathtub shaped and substantially underestimates the 5% level when the
hazard rate is increasing. If the hazard rate is hump-shaped, then the exponential both
underestimates and overestimates, i.e., rarely is accurate. For this reason, the exponential
model isjudged to be of very limited value and will be dropped from consideration in the
ensuing discussion on size and not be pursued in the power comparisons later.

To approach the analysis with some objectivity, we have compared the precision of
estimates for the remaining five models, the three types of tests, the percent censoring, and
the shape of the hazard function by noting whether the observed sizes fall within or outside
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the symmetric 95% probability interval (0.044, 0.056) and then performing a logistic
analysis to assess whether the differences we observe may be explained by chance.

The three types of test perform differently (p < 0.0001) with the likelihood ratio
performing best, the Wald next best, and the scores test performing much poorer than
either of the other two. In fact, when the score test was excluded, the remaining two types
of tests interacted with the models (p=0.015). The Wald and likelihood ratio tests are
similar for the Cox and Weibull models but the Wald test performs poorer, on the whole,
than the likelihood ratio test for the log logistic, log normal, and normal models. Sample
Size appears to be alarge factor in the relative performance of the three tests with the Wald
test being closer to the likelihood ratio test for samples of size 100. This property agrees
with Peace and Flora (1978) who investigated the effect of sample size on size of the test
when the underlying distributions were correctly specified as exponential, Weibull, or
Gompertz.

The five models perform differently (p < 0.001) with the Cox model outperforming the
other four. The Weibull model performs below expectationsin that it overestimates the size
badly for the log logistic, log normal, and log Laplace underlying distributions. The log
logistic model does dlightly better than the Weibull model, though not significantly better.
Overal, both the log logistic and Weibull models do significantly better than the log normal
and normal models. Of course, in the case of no misspecification of the model, each
correctly specified model performswell.

An interesting observation, previously made by Leg, et a (1983) and confirmed in our
study, isthat, for the Cox model, the censoring fraction does not seem to be very strongly
related to the performance of the various types of tests or to the performance of the different
models, although, for fixed sample size, the observed sizes for 40% censoring are less than
those for 0% censoring and the sizes at 20% censoring compared to those at 0% (no
censoring) are not different. With the score test excluded, thereis no significant difference
in censoring fractions (p=0.19) when adjustment is made for type of test.

Examining, in adescriptive way, the performance of the various tests and models more
closely for the various types of hazard functionsis abit more illuminating. For constant or
decreasing hazard rates, the likelihood ratio statistic mirrors the above general statements
and outperforms the other two. The Wald statistic does a bit poorer for n = 40 but is as
good as the likelihood ratio test for n = 100, and the score statistic performs by far the
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poorest. Asnoted earlier, the exponential only doeswell for a constant hazard rate and the
log logistic and log normal generally outperform the normal and Weibull models, although
not always very convincingly. All parametric models are inferior, on the whole, to the Cox
model with regard to model misspecification.

For increasing hazard rates, the general statement about the test statistics is as before.
Here the parametric models do substantially poorer than Cox for n = 40. The Weibull,
normal, and log normal do improve for n = 100 using the likelihood ratio or Wald tests.

For bathtub-shaped hazard rates, Cox is again the best with the log normal, log logistic,
and Weibull showing some promise, in that order, provided one uses the likelihood ratio
test.

For hump-shaped hazard rates, the parametric models again do substantially poorer
than Cox for bothn =40 and n=100. Again, the exponential and Weibull perform very
poorly with the log logistic, log normal, and normal showing varying degrees of promise.

The Weibull model tends to overestimate the nominal level when the hazard rate is
decreasing or hump-shaped. It tends to underestimate when the hazard rate is bathtub
shaped. Not surprisingly, it has the most success when the hazard rate is increasing.

The log logistic and log normal tend to overestimate the 5% level for n = 40, but
improve substantially as sample sizeincreasesto n = 100.

The normal model fluctuates considerably in estimating the size of the test for
decreasing and hump-shaped hazard rates and tends to overestimate size for increasing,
constant, and bath-tub shaped hazard rates.

6. POWER CONSIDERATIONS

We examined the powers of the tests for the assumed models against the alternative
values of beta = .20, .35, .55 and .70 by computing the fraction of replications for which
the test statistic is larger than 3.841, i.e., the nominal level of significance or size will be
nearly .05 when the model is correct. If the underlying distributions are correctly specified,
then the parametric models perform slightly better than the Cox model (a point already
noted for the likelihood ratio test and Wald test by Peace and Flora (1978) for the
exponential, Weibull, and Gompertz models). For fixed models and underlying
distributions, the powers of the tests with increased censoring are consistently smaller than
those without censoring but the relative order of the power of the assumed models does not
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depend on the censoring percentage. Figure 1 presents the power of the Cox proportional
hazards model for six representative underlying distributions with no censoring. Figures
2-5 show the power of the Cox model minus the power of the specific parametric analyses
(Weibull, log logistic, log normal, and normal) relative to the power of the Cox model for
the likelihood ratio tests under a variety of assumed hazard rates and no censoring.

The power of the exponential model is not reported because its size was consistently
and substantially inaccurate, as noted in the previous section, and is really only useful
when the underlying distribution has a constant hazard rate and even for that case has
minimal benefit in power over the Cox, Weibull and normal models.

The relative power of the Cox model to the Weibull model, as depicted in Figure 2, is
excellent. The Weibull is disqualified, because of size considerations, when underlying
distributions are log logistic (.5) (hump-shaped hazard rate), Smith-Bain(.5) (bath-tub
shaped hazard rate), and Weibull (.5) (decreasing hazard rate). For constant and increasing
hazard rates (Weibull (1) and Weibull (4), respectively) this model only performs
marginally better than the Cox model.

Figures 3 and 4 present the relative power of the Cox model to the log logistic and log
normal model, respectively. Here one can see that the Cox model outperforms both the log
logistic and log normal in all cases except when the underlying distribution has
nonproportional hazards, as one would expect. It should be noted that when the
underlying distribution was log logistic with nonproportional hazards the Cox model
performed the worst. It performed better, compared to the parametric models, when the
underlying distributions were log Laplace or gamma, both distributions with
nonproportional hazards.

The relative power of the Cox model to the normal model presented in Figure 5 again
points out that one gains nothing by using the normal model in estimating the regression
coefficients.

Similar comparative results hold for increased censoring, with a corresponding
decrease in power, and for increased sample size, with a corresponding increase in power.

7. SUMMARY AND DISCUSSION

In this paper, we have studied the finite sample robustness properties of Cox's semi-
parametric approach and five standard parametric approaches with respect to model
misspecification. We have also studied the small sample performances of the likelihood
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ratio, the score and the Wald tests based on these models. 1n addition, we have examined
the effects of an independent censoring mechanism on these inference procedures.

The Cox proportional hazards regression model in a hypothesis-testing framework
appears to be robust with respect to the proportional hazards assumption. Although, the
Cox model will reflect the relative importance of the covariate effect when the underlying
distribution does not possess proportional hazards, power can be improved by using the
appropriate underlying parametric distribution as can be seen in Figure 3. Indeed, the
appropriate parametric models have the potential of improving the precision and power of
inference in such a circumstance, although not as much as when interest is in estimating the
survival function in the absence of covariates (c.f. Klein and Moeschberger 1989).

In comparing the small-sample performances of the three statistical tests, the likelihood
ratio and Wald tests closely agree with each other. The score test performs much poorer
sinceit has agreater propensity to inflate the size and power than the other two tests.

For fixed model and underlying hazard rates, the powers of tests with censoring are
consistently smaller than those without censoring. In fact, the loss of power can be
substantial with a high rate of censoring.

Johnson et al. (1982) studied the small-sample performance of the maximum partial
likelihood estimator in a two-covariate model. They showed that multiple covariate
analyses could result in obscure conclusions. Censoring has a more complicated effect
which is confounded by the second covariate.

Lin and Wei (1989) have suggested a consistent variance-covariance estimator for the
maximum partial likelihood estimator when the Cox model is misspecified. Based on that
consistent estimator, they have proposed arobust statistical inference and demonstrated that
their procedure retains the nominal level better than the conventional inference procedures
in the empirical studies.

Of course, other problems arise concerning the finite-sample performance of these
models. The effects of other censoring mechanisms and of dependencies between some
subgroups of the population are of particular interest for future work.

The results we have presented are based on a single discrete covariate. We have
repeated this Monte Carlo study for a single uniform covariate and found very similar
results. For the sake of brevity these results are not included in this report.
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In summary, the results of this study suggest that, if interest centers upon making an
inference on a covariate effect, the Cox model may be used with confidence. The
likelihood ratio test is slightly better than the Wald test and the score test should rarely be
used. If parametric models are used, the prior knowledge of the hazard rate would suggest
the model to be used (most likely, the log logistic or log normal model). In rare instances
the Weibull might be used and the exponential would never be used.
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Figure 1
Power of the Cox Regression Analysis
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Figure 2
Relative Power of the Weibull Regression Model
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Relative Power of The Log Logistic Regression M odel
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Relative Power of the Log Normal Regression Model
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Relative Power of the Normal Regression Model
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