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Abstract

It is well known that regions of the brain exhibit functional syn-
chrony. A well established method is the average cross correlation
termed the COSLOF index which has proved useful as a noninvasive
quantitative marker of hippocampal synchrony for the preclinical stage
of Alzheimer’s disease. This paper presents the COMDET, an alter-
native index of functional synchrony, and compares it to the COSLOF
with their statistical underpinnings. Logarithmic functions of these
two statistics are presented with their asymptotic chi squared distrib-
utions. These two statistics are empirically compared under five cor-
relation structures. It is found that the COMDET performs better
than the COSLOF except under very specific cases. Critical values of
the COMDET and COSLOF as well as their logarithmic functions are
presented which are determined via Monte Carlo simulation.

1 Introduction

The well-known phenomenon of functional synchrony [3, 6] in functional
magnetic resonance imaging (FMRI) studies has been characterized by cross-
correlations of resting state voxels. The average of the cross-correlations
termed the coefficients of spontaneous low frequency fluctuations (COSLOF)
index [7] when applied to the hippocampus has been used as a preclinical
marker for Alzheimer’s disease. The COSLOF index in a set of voxels yields a
measure of functional synchrony. It is known that the hippocampus is respon-
sible for the storage of declarative (factual) memory and it has been shown
that functional synchrony is reduced in Alzheimer’s disease patients compared
to normals [7]. In this paper, the correlation matrix determinant (COMDET)
statistic is proposed as an alternative to the COSLOF index and both of their
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statistical underpinnings are presented. These two measures of functional syn-
chrony are compared in simulations to determine their power of detection. For
several correlation structures, the number of times that the each measure re-
jects the null hypothesis of no synchrony is determined. Critical values of the
COMDET and COSLOF are determined via Monte Carlo simulation.

2 Regression Model

The standard multivariate linear regression model [10] is used to describe
the voxel time courses. The model, for a set of p voxels measured at n time
points, is written as

Y = X B + E
n× p n× (q + 1) (q + 1)× p n× p

(2.1)

where Y is the matrix of observed time courses, X is the design matrix, B
is the matrix of regression coefficients, and E is the matrix of errors. The
errors of observation εi (which are rows of E) are assumed to be independent
and normally distributed with p dimensional zero mean vector and p× p pos-
itive definite covariance matrix Σ. With the above model specifications, the
likelihood of the observations is

p(Y |B,Σ, X) = (2π)−
np
2 |Σ|−n

2 e−
1
2
trΣ−1(Y −XB)′(Y −XB). (2.2)

It can be shown [10] that the unrestricted maximum likelihood estimate of
the matrix of regression coefficients B̂ is

B̂ = (X ′X)−1X ′Y,

and that the unrestricted maximum likelihood estimate of the covariance ma-
trix is

Σ̂ =
1

n
(Y −XB̂)′(Y −XB̂).

Also, denote the unrestricted maximum likelihood estimate of the cross-correlation
matrix as

R̂ = D̂−1/2 Σ̂ D̂−1/2

with jj′th element given by ρ̂jj′ where D̂ = diag(Σ̂) is a diagonal matrix

formed from the main diagonal of Σ̂.

The spatial relationship between voxels can be anywhere from statistically
independent with a diagonal covariance matrix to a full positive definite co-
variance matrix. Hypotheses regarding spatial structure are to be evaluated
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with the use of the generalized likelihood ratio test. The generalized likelihood
ratio statistic is computed by maximizing the likelihood with respect to the
unknown parameters under the null and alternative hypotheses. These esti-
mated parameters are inserted into their respective likelihood functions and
the ratio taken.

3 COSLOF

Often structure in a covariance matrix can aid in simplifying the spatial
relationship between the voxels. One such spatial relationship is the intraclass
correlation structure. The intraclass correlation structure is when the correla-
tion matrix R has ones along the main diagonal and all other elements have
the correlation parameter ρ.

The null hypothesis that the voxels are unequal variance intraclass with
known correlation parameter ρ0 (independent when ρ0=0) versus the alterna-
tive hypothesis that the voxels are unequal variance intraclass with unknown
correlation parameter ρ �= ρ0 is

H0 : B ∈ R
(q+1)×p vs H1 : B ∈ R

(q+1)×p

diag(D) = R
p+ diag(D) = R

p+

R = R0 R �= R0

where R0 is the intraclass correlation matrix with ρ0 for the off diagonal ele-
ments.

The generalized likelihood ratio statistic is computed by maximizing the
likelihood p(Y |B,D, ρ,X) with respect to (B,Σ) under the two hypotheses to
obtain null and alternative estimates (B̃, D̃, ρ0) and (B̂, D̂, ρ̂).

The likelihood in Equation 2.2 can be written as

p(Y |B,Σ, X) = (2π)−
np
2 |D|−n

2 |R|−n
2 e−

1
2
trD− 1

2 R−1D− 1
2 (Y −XB)′(Y −XB).

Using the two intraclass matrix identities

|R| = (1− ρ)p−1[1 + (p− 1)ρ] R−1 =
Ip

(1− ρ)
− ρepe

′
p

(1− ρ)[1 + (p− 1)ρ]

where ep is a p-dimensional vector of ones and taking the natural logarithm,
the log likelihood can be written as

LL = −np
2
ln(2π)− n

2

∑p
j=1 ln σ

2
j − n(p−1)

2
ln(1− ρ)− n

2
ln[1 + (p− 1)ρ]

−1
2

∑p
j=1(σ

2
j )

−1Gjj

[
1

(1−ρ)

]
+ 1

2
ρ

(1−ρ)[1+(p−1)ρ]

[∑p
j′=1(σ

2
j )

− 1
2

∑p
j′=1Gjj′(σ

2
j′)

− 1
2

]
.
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In the above, G = (Y−XB)′(Y−XB) was defined and the property tr(ABC) =
tr(B′A′C ′) was used.

It can be shown that estimates of B, D, and ρ under the two hypotheses
are

B̃ = (X ′X)−1X ′Y, D̃ = 1
1−ρ0

[
1− ρ0

1+(p−1)ρ0

]
diag G̃

n
, ρ̃ = ρ0

B̂ = (X ′X)−1X ′Y, D̂ = 1
1−ρ̂

[
1− ρ̂

1+(p−1)ρ̂

]
diag Ĝ

n
, ρ̂ = ρ̄

where G̃ and Ĝ which are equivalent are G above with B̃ or B̂ substituted in
for B and

ρ̄ =
1

p(p− 1)

[
p∑

j=1

p∑
j′=1

Gjj′√
GjjGj′j′

− p

]
.

The maximum likelihood estimate of the variances D̂ is an approximate value.
The maximum likelihood estimate of the correlation coefficient under the al-
ternative hypothesis has been well approximated by its method of moments
estimate because an explicit expression can not be found.

The generalized likelihood ratio statistic for the above hypothesis test is

λ =
p(Y |B̃, D̃, ρ̃, X)

p(Y |B̂, D̂, ρ̂, X)

=
(2π)−

np
2 |Σ̃|−n

2 e−
1
2
trΣ̃−1(Y −XB̃)(Y −XB̃)′

(2π)−
np
2 |Σ̂|−n

2 e−
1
2
trΣ̂−1(Y −XB̂)(Y −XB̂)′

=

∣∣∣ 1
1−ρ0

(
1− ρ0

1+(p−1)ρ0

)
diag G̃

n

∣∣∣−n/2

|R0|−n/2

∣∣∣ 1
1−ρ̂

(
1− ρ̂

1+(p−1)ρ̂

)
diag Ĝ

n

∣∣∣−n/2

|R̂|−n/2

=

λ =
(1− ρ0)

n/2[1 + (p− 1)ρ̂]n/2[1− ρ̂
1+(p−1)ρ̂ ]

np/2

[1 + (p− 1)ρ0]n/2[1− ρ0

1+(p−1)ρ0
]np/2(1− ρ̂)n/2

It is readily seen that a test statistic for the hypothesis test should be a function
of the COSLOF or average cross corelation coefficient. A natural choice for
the test statistic is ρ̂. It can be seen that ρ̂/[1 + (p − 1)ρ̂] is approximately
zero then ρ̂ can be explicitly solved for from the generalized likelihood ratio.
The test statistic −2 lnλ can alternatively be used which has an asymptotic
χ2 distribution with one degree of freedom.
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4 COMDET

Often it is believed that there is no structure in a covariance matrix or that
the spatial relationship between the voxels is general and not independent.
The general covariance (correlation) structure is when each element voxel has
its own distinct variance and covariance with every other voxel.

The null hypothesis that the voxels are statistically independent versus the
alternative hypothesis that the voxels have a general covariance is

H0 : B ∈ R
(q+1)×p vs H1 : B ∈ R

(q+1)×p

Σ = diag(Σ) Σ > 0

that the voxels are independent.

The generalized likelihood ratio statistic is computed by maximizing the
likelihood p(Y |B,Σ, X) with respect to (B,Σ) under the two hypotheses to
obtain null and alternative estimates (B̃, Σ̃) and (B̂, Σ̂).

The maximum likelihood estimates of B and Σ under the two hypotheses
are

B̃′ = (X ′X)−1X ′Y Σ̃ = 1
n
diag(Y −XB̃′)′(Y −XB̃′)

B̂′ = (X ′X)−1X ′Y Σ̂ = 1
n
(Y −XB̂′)′(Y −XB̂′).

The generalized likelihood independence ratio statistic

λ =
p(Y |B̃, Σ̃, X)

p(Y |B̂, Σ̂, X)

=
(2π)−

np
2 |Σ̃|−n

2 e−
1
2
trΣ̃−1(Y −XB̃)(Y −XB̃)′

(2π)−
np
2 |Σ̂|−n

2 e−
1
2
trΣ̂−1(Y −XB̂)(Y −XB̂)′

λ− 2
n =

| 1
n
diag(Y −XB̃)(Y −XB̃)′|
| 1
n
(Y −XB̂)(Y −XB̂)′|

λ− 2
n =

| 1
n
diag(Y −XB̂)(Y −XB̂)′|
| 1
n
(Y −XB̂)(Y −XB̂)′|

%̂ = |R̂|
It is readily seen that %̂ which is the coefficient matrix determinant (COMDET)
is a test statistic for the general covariance (correlation) structure. The exact
distribution p(|R|) under the null hypothesis that the voxels are independent
has been derived [8] which is of an extremely complicated form. Along with
this exact distribution p(|R|) is the asymptotic distribution of

v = −[ν − (2p+ 5)/6] ln |R|
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which is χ2 with γ = p(p− 1)/2 degrees of freedom. Exact critical 5% and 1%
values for v (which have been replicated in Tables 9 and 11) were presented
[8] for ν = 3, . . . , 20, p = 3, . . . , 10, p ≤ ν where ν = n − q − 1 along with
the asymptotic critical values. Note that the statistic −2n ln |R| was not used.
Monte Carlo investigations have found that the distribution and hence critical
values of −[ν − (2p+ 5)/6] ln |R| was closer to the true sampling distribution
than −2 ln |R|.

5 Significance Critical Values

The COSLOF, ρ̄ and COMDET |R̂|, which are derived from generalized
likelihood ratio tests do not follow well known and easily integrable distribution
functions. In order for the COMDET statistic to be computable R̂ must be
positive definite and is only so when p ≤ ν. The probability distribution
function of % was derived under the null hypothesis with exact 5% and 1%
critical values along with the asymptotic χ2 distribution of v [8]. Both statistics
ρ̂ and %̂ are measures of functional synchrony. The distribution of the COSLOF
ρ is not known or easily computable and critical values have not previously
been presented. Monte Carlo generated critical values are presented in the
appendix.

Given a set of data Y , the statistics ρ̂ and %̂ (or û and v̂) are computed.
These test statistics are compared to critical values in the appendix. The
null hypothesis is rejected at a level α if the test statistic ρ̂ is larger than
the tabulated α level critical value or %̂ is smaller than the tabulated value.
Asymptotic hypothesis for population differences can also be made as outlined
in the appendix.

If functional synchrony were being measured in the presence of a presented
stimulus or task, then a third column would be added to the design matrix X
corresponding to a hemodynamic reference function.

The exact distributions of ρ̂, u, %̂, and v under the null hypothesis that the
voxels are independent are extremely complicated as is the determination of
exact critical values. Exact 5% and 1% critical values for v (and hence %̂ have
only previously been given [8] for very specific combinations of ν and p. For
the evaluation of functional synchrony, combinations of ν and p which are not
previously presented are needed as are critical values for ρ̂ and u. The previ-
ously presented values of v were replicated by a Monte Carlo sampling based
technique. A large number L = 106 was selected. For each l = 1, . . . , L, a set of
n random vectors x1l, . . . , xnl of dimension p from a standard multivariate nor-
mal distribution were generated. The sample correlation matrix was computed
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from each set of vectors which resulted in R̂1, . . . , R̂L and v̂1, . . . , v̂L. These v’s
were ranked then the .90∗Lth, .95∗Lth, .975∗Lth, .99∗Lth and .999∗Lth ones
retained as the 10%, 5%, 2.5%, 1%, and .1% critical values. This sampling
based procedure was repeated for each previously reported combination of n
and p. The sampling based critical values which are in agreement with the pre-
viously reported values are presented in Tables 8-12 and are greatly expanded.
In addition, the same critical values were computed for the COSLOF index
ρ and presented in Tables 3-7. The critical values are needed to determine
significant functional synchrony. Statistic p-values can be interpolated from
the presented critical values.

6 Example

For an example, data from a simulated FMRI experiment of a 5× 5 ROI is
generated. The voxels in the ROI are numbered sequentially from top left to
bottom right and stacked in increasing numerical order. The simulated data
consists of n = 177 data points (ν = 175) for p = 25 voxels. The simulated
data is generated according to Equation 2.1 where the design matrix X is a
n × 2 matrix whose first column is an n dimensional vector of ones and the
second column is at an n dimensional vector of the first counting numbers.
The true regression coefficient matrix B is given in Table 6. The voxels were
specified to have spatial distributed lag (SDL) one correlation structure with
a voxel having the same cross-correlation with its four-neighbors of c = 0.2.

Table 1: True regression intercept and slope coefficients.
β0, β1 1 2 3 4 5

1 .2, .5 .7, .1 .4, .9 .3, .2 .9, .6
2 .4, .8 .5, .3 .2, .7 .9, .1 .1, .3
3 .5, .5 .1, .6 .6, .4 .4, .2 .4, .5
4 .8, .9 .2, .5 .7, .1 .4, .9 .3, .2
5 .3, .2 .9, .6 .4, .8 .5, .3 .2, .7

For this simulated data set, the COSLOF was computed to be ρ̂ = 0.0177
(u = 129.64) and COMDET to be %̂ = .0328 (v = 566.76). The COSLOF
statistic is significant at the α = 10−2 level while the COMDET statistic is
clearly significant at the α = 10−3 level. Because of the large degrees of
freedom of v, the asymptotic normal distribution can be used to see that
the above sample value is significant at α = 5 × 10−6 [1]. These are two
distinct measures of functional synchrony that are computed from the cross-
correlations. The COMDET is an index of volume from the cross-correlation
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matrix while the COSLOF is simply the average cross-correlation. In the next
section, the COSLOF and COMDET are compared for sensitivity and power
to detect varying correlation structures.

7 Power Analysis

For a power analysis of sensitivity to different correlation structures, data
for p = 25, q = 2, and n = 77, 102, or 177 is generated with five different
correlation structures. The correlation structures are intraclass (INT) with
equal cross correlations, spatial distributed lag (SDL) one with a voxel having
the same cross-correlation with its four-neighbors, what will be called spatial
distributed lag one-minus (SDM) where the first thirteen voxels are SDL(1)
while the last twelve are spatial SDL(1) with c replaced by −c, Markov (MKV)
or temporal autoregressive one where the correlation between the numbered
voxels is the correlation raised to the power of the difference in their numbering,
temporal distributed lag (TDL) one or tridiagonal where the correlation matrix
has the correlation on the first super and sub diagonal. The last two may not
be appropriate for the current application but are commonly used for others
and are included for completeness. For each of the correlation structures,
104 data sets with the same model as above were generated with correlation
parameter c = 0.15 or c = 0.25.

Table 2 contains the number of rejected null hypotheses for the two func-
tional synchrony measures with each correlation structure at the α = .001 level.
The sensitivity power analysis indicates that for moderate to large sample

Table 2: Correlation structure power analysis. p = 25

c = .15 c = .25
INT SDL SDM MKV TDL INT SDL SDM MKV TDL

ν
=

75

COSLOF 10000 3478 61 9784 918 10000 7889 167 9999 3415

COMDET 9522 2570 2543 10000 495 10000 10000 10000 10000 7992

ν
=

100

COSLOF 10000 4725 92 9961 1307 10000 9052 241 10000 4784

COMDET 9979 5871 5818 10000 1392 10000 10000 10000 10000 9838

ν
=

175

COSLOF 10000 7914 163 10000 3140 10000 9957 511 10000 8002

COMDET 10000 9941 9936 10000 6279 10000 10000 10000 10000 10000

sizes or moderate to large spatial correlations, always use the COMDET; but
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for low sample sizes and low spatial correlations, use the COSLOF. Further,
when there are both positive and negative correlations use the COMDET and
not the COSLOF. The COSLOF and COMDET performed similarly with no
correlation with about ten rejected hypotheses. In neuroscience, voxels are
most often positively correlated. In other applications, there may be both
positive and negative correlations which could sum to zero and result in a
COSLOF which is not significant but a COMDET which is very significant.

8 Conclusion

The COMDET, a new measure of functional synchrony was presented and
compared with the previous measure, the COSLOF. For a simulated data set,
both measures of functional synchrony were computed and found the correla-
tion between the voxels to be significant, but the COMDET declared it to be
significant at a much higher level. A power analysis of sensitivity to different
correlation structures was performed with the aid of Monte Carlo generated
critical values for significance. It was found that for moderate to large sample
sizes or moderate to large correlations, the COMDET should be used, but for
low sample sizes and low correlations the COSLOF may be prefered. It was
also found that when there are both positive and negative correlations, the
COMDET should be used.
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A Population Hypotheses

Suppose we now wish to test hypotheses regarding the COSLOF and COMDET
for a population or the difference in populations. Let s = 1, . . . , S denote the
subjects in a population. Denote the estimated COSLOF and COMDET for
subject s by ρ̂s and %̂s. For a single population, there are two functional syn-
chrony hypotheses which can be evaluated. Associated with the COSLOF, is
the hypothesis

H0 : Bs ∈ R
(q+1)×ps vs H1 : Bs ∈ R

(q+1)×ps

diag(Ds) = R
ps+ diag(Ds) = R

ps+

ρs = ρs′ ρs �= ρs′

that the average cross-correlation for the subjects in the population is the same
with test statistic

û =
S∑

s=1

ûs.

Asymptotically, û ∼ χ2(S) where S is the number of subjects. The large
degrees of freedom approximation û ∼ N(S, 2S) can also be used and the test
statistic

Z =
û− S√

2S
.

Associated with the COMDET is the hypothesis

H0 : Bs ∈ R
(q+1)×ps vs H1 : Bs ∈ R

(q+1)×ps

Σs = diag(Σs) Σs > 0

that the voxels for the subjects in the population are independent with test
statistic

v̂ =
S∑

s=1

v̂s.

Asymptotically, v̂ ∼ χ2(γ) where γ =
∑S

s=1 γs and γs = ps(ps − 1)/2. The
large degrees of freedom result that v̂ ∼ N(γ, 2γ) and the test statistic

z =
v̂ − γ√

2γ

can also be used.
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Hypotheses can be evaluated for two populations, say a and b. If ûa and
v̂a denote the above population a statistics while ûb and v̂b denote the above
population b statistics then there are two functional synchrony hypotheses
which can be evaluated. Associated with the COSLOF, is the hypothesis

H0 : Bs ∈ R
(q+1)×ps vs H1 : Bs ∈ R

(q+1)×ps

Bt ∈ R
(q+1)×pt Bt ∈ R

(q+1)×pt

diag(Ds) = R
ps+ diag(Ds) = R

ps+

diag(Dt) = R
pt+ diag(Dt) = R

pt+

ρa = ρb ρa �= ρb

that the voxels in the populations have the same correlation, with test statis-
tic −2 lnλ which has an approximate χ2 distribution with a single degree of
freedom, where

λ =

∏S
s=1 p(Ys|B̃s, D̃s, ρ̃, X)

∏T
t=1 p(Yt|B̃t, D̃t, ρ̃, X)∏S

s=1 p(Ys|B̂s, D̂s, ρ̂a, X)
∏T

t=1 p(Yt|B̂t, D̂t, ρ̂b, X)
,

where
ρ̂a = 1

S

∑S
s=1 ρ̄s, ρ̂b =

1
T

∑T
t=1 ρ̄t, and ρ̃ = Sρ̂a+T ρ̂b

S+T
.

Associated with the COMDET is the hypothesis

H0 : Bs ∈ R
(q+1)×ps vs H1 : Bs ∈ R

(q+1)×ps

Bt ∈ R
(q+1)×pt Bt ∈ R

(q+1)×pt

Σb − Σa > 0 Σb − Σa �> 0

where Σb −Σa denotes that the voxels for the subjects in the population a are
more independent than those in population b. The test statistic

F =
v̂a/γa

v̂b/γb

which is the ratio of two approximate χ2 variables divided by their degrees
of freedom has an approximate F distribution with γa and γa numerator and
denominator degrees of freedom.

B Tables of Critical Values

Monte Carlo based critical values for ρ, u, and v for specific combinations
of ν and p are presented. The tabulated critical values are percentages points
for upper tail probabilities. Critical values for % can be uniquely found from
those for v.
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